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Abstract

Dynamic remapping is critical to the performance of bulk synchronous computations that have non-deterministic behaviors
because of the need of barrier synchronization between phases. There are two basic issues in remapping: when and how to remap.
This paper presents a formal analysis of the issue of when to remap for dynamic computations with a priori known statistical
behaviors, with an objective of finding optimal remapping frequencies for a given tolerance of load imbalance. The problem is
formulated as two complement sequential stochastic optimization. Since general optimization techniques tend to reveal stationary
properties of the workload process, they are not readily applicable to the analysis of the effect of periodic remapping. Instead, this
paper develops new analytical approaches to precisely characterize the transient statistical behaviors of the workload process on
both homogeneous and heterogeneous machines. Optimal remapping frequencies are derived for various random workload change

processes with known or unknown probabilistic distributions. They are shown accurate via simulations.
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1. Introduction

A fundamental issue in parallel computing is assign-
ment, or mapping, of the workload to processing nodes
of a parallel computer. The primary performance goals
of mapping are to balance the workload among the
processors, to minimize the interprocessor communica-
tion, and to reduce the run-time overhead of managing
the assignment [9,28]. This can be accomplished
statically or dynamically, depending upon the nature
and predictability of the computation. Static assignment
works for applications that have static and predictable
computation and communication characteristics [9]. For
applications that have unpredictable characteristics,
dynamic scheduling must be used at run-time so as to
adapt to the change of the workload. A special form of
dynamic scheduling is dynamic remapping, the subject of
this paper, which re-distributes the workload among
processing nodes during the execution time.
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In general, achieving the performance goals of
mapping is intractable. However, a bulk synchronous
computation lends itself to a fairly structured approach
to mapping. Its processes proceed in phases that are
separated by global synchronization points. During each
phase, they perform calculations independently and then
communicate new results with their data-dependent
peers. Fig. 1 shows a typical scenario of the computation
model with four processes running on different proces-
sors. The horizontal scale corresponds to computation
phases; the vertical lines represent barrier synchroniza-
tion operations which are due to begin. Because of the
need of synchronization between phases, the duration of
a phase is determined by the most heavily loaded
processors, which in turn determines the total execution
time of the computation. Consequently, mapping of a
bulk synchronous computation can be reduced to load
balancing at each phase.

Bulk synchronous computations may exhibit varying
phase-wise computational requirements as the computa-
tion proceeds. This can occur in applications where the
behavior of the physical objects being modeled changes
with time. For example, a molecular dynamics program
simulates the dynamic interactions among all atoms in a
system of interest for a period of time. For each time
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Fig. 1. An illustration of dynamic bulk synchronous computations.

step, the simulation calculates the forces between atoms,
the energy of the whole structure, and the movements of
atoms. Since atoms tend to move around, the amount of
workloads with different parts of the system will change
from one step to another as the atoms change their
spatial positions. Dynamic computations can also
appear in solution-adaptive problems. For example, a
computational fluid dynamics code calculates the
velocity and pressure of grid points for the purpose of
deriving their structural and dynamic properties. In
simulations that uses adaptive gridding to adjust the
scale of resolution as the simulation progresses, compu-
tational workloads associated with different parts of a
grid may change from phase to phase.

For bulk synchronous computations whose processes
run in non-deterministic phase durations, it is highly
desirable to re-distribute the workload of processing
nodes at run-time. Since dynamic remapping incurs non-
negligible run-time overhead, a critical issue is when to
remap so that the benefit from remapping will not be
outweighed by its overhead. An important policy is
periodic remapping. The “remap every k steps” policy
has been applied to many parallel applications, in
particular to those exhibiting gradual workload changes,
due to its simplicity [15,17,19,29]. The remapping
frequency was often derived through experiments
against the remapping periodicity in practice. The
literature lacks formal analyses of the effect of the
remapping frequency. This paper provides some such
analysis, assuming the workload change of a process is a
random process with known or unknown probabilistic
distributions. We formulated the problem as two
complement sequential stochastic optimization model
with different objectives and derived optimal remapping
schedules for a given tolerance of load imbalance. (The
non-zero tolerance of load imbalance is set according to
the cost of remapping.) It is known that general
stochastic optimization approaches tend to reveal
asymptotic or stationary properties of a random process.
They were applied to predict the average execution time
of the computations (without remapping) in the
literature [1,11,12,14,21]. However, the general optimi-

zation approaches are not readily applicable to the
analysis of the effect of remapping because a remapping
operation would be invoked anytime over the course of
the computation. Based on order statistics and other
stochastic optimization techniques, we developed opti-
mization approaches to precisely characterize the
transient statistic behaviors of the computation. We
derived the optimal remapping frequencies for applica-
tions with various statistic behaviors on both homo-
geneous and heterogeneous systems.

The remainder of the paper is organized as follows.
Section 2 presents a brief review of related work. Section
3 describes the computational model and formulates the
problem. Sections 4 and 5 deal with the optimization
problem subject to different constraints. Section 6
extends the analysis to heterogeneous platforms. The
paper is concluded in Section 7 with remarks on future
work.

2. Related work

Due to its popularity in many application areas, the
dynamic bulk synchronous model has long been the
subject of many researches. Marinescu and Rice
quantitatively analyzed the effects of the load imbalance
of a bulk synchronous computation, assuming the
execution time of processes in an iteration are indepen-
dent identical random variables [14]. Agrawal and
Chakradhar modeled VLSI logic simulations as the
dynamic bulk synchronous model [1]. By assuming the
workload of a processor within a time step to be a
binomial random variable, they derived an accurate
estimate of the parallel simulation time. Madala and
Sinclair derived asymptotic approximates and upper
bounds for the average execution time of a bulk
synchronous computation [12]. Similar results were
obtained by Peterson and Chamberlain when they
modeled a general class of discrete event simulation as
the dynamic bulk synchronous model [21].

There were also studies that were intended to lessen
the penalty due to synchronization and load imbalances
via dynamic remapping [4,6-8,16,20,24,26,27,29]. Dy-
namic remapping strategies were demonstrated effective
when they were applied to solution-adaptive CFD [8,27],
multi-stage image understanding systems [4], and Monte
Carlo dynamical simulations [7,26]. Dynamic remap-
ping was shown important as well for applications that
have no inherent synchronization requirements [17].
Nicol and Ciardo experimented with dynamic remap-
ping at artifactual synchronization points created with
real-time clocks. There were also time-efficient distrib-
uted remapping strategies that re-decompose the pro-
blem domain in parallel based on the previous
distributions [29]. They are not sufficient to produce
the highest quality partitions because of the lack of
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global knowledge about the problem domain. The loss
of their quality could be compensated for by its smaller
run-time overhead in periodic remapping. Recently,
Kwok et al. studied trade-offs between remapping
complexity and quality [10]. They compared a dynamic
approach using a fast on-line mapping heuristic and a
semi-static strategy of dynamic invocation of off-line
derived mappings and concluded the superiority of the
semi-static approach.

Besides the issue of how to remap, another critical
and complementary issue in remapping is when to
invoke a remapping so that its performance gain will not
be offset by its overhead. It can be either specified by the
programmer in the form of a directive or be determined
automatically by the compiler. Most of the existing
policies are application-specific and heuristic. They were
to perform static remapping algorithms periodically or
in response to phase changes (e.g. grid refinement in the
CFD code) as the computation proceeds. Nicol and
Reynolds [18] modeled the remapping decision problem
as a Markov decision process for computations where
phases change with uncertainty and with radically
different requirements. They determined the structure
of the decision policy based on stochastic dynamic
programming approaches.

For applications with gradually varying resource
demands, Nicol and Saltz [19] proposed a simple
provably good invocation policy, stop-at-rise (SAR).
Moon and Saltz [15] applied the SAR invocation policy,
coupled with an elegant chain-structured partitioner and
a recursive coordinate bisection (RCB) partitioner, to
three-dimensional direct Monte Carlo simulation meth-
ods. An alternative to the SAR is periodic remapping.
Xu and Lau [29] and Nicol and Ciardo [17] experi-
mented with periodic remapping policies against the
remapping periodicity in parallel skeleton of images,
WaTor simulation, and discrete state-space generations.
Moon and Saltz [15] compared the periodic policy with
the SAR strategy in their Monte Carlo simulations and
found that the best fixed interval policy was able to
deliver comparable performance to the SAR through the
periodic policy. Nicol and Saltz [19] modeled the issue of
when to remap as a stochastic dynamic programming
problem, assuming the workload of processors changes
in independent and identical Markov death-birth
processes. Due to the complexity of dynamic program-
ming, their approach is limited to systems with very
small number of workload states. In this paper, we relax
the assumption of independent and identical workload
change to be independent with known or unknown
distributions and present optimal or near-optimal
remapping schedules in closed forms.

We note that this paper studies the periodic remap-
ping policy, focusing on the impact of remapping
frequencies. Most recently, we also investigated the
general issue of dynamic remapping [31]. We modeled

the bulk synchronous computations as an optimal
stopping problem in stochastic control theory. By
converting the stopping problem to an equivalent binary
(i.e. remapping or not) decision over an infinity horizon,
we derived conditions for the existence of optimal
strategies and presented necessary and sufficient condi-
tions for the optimality. Consequently, searches for the
optimal controls were reduced to finding fixed points of
a policy iteration equation. This iterative process
converges at a geometric rate.

3. The model

Consider dynamic computations in a parallel compu-
ter with N processing nodes. The machine can be with
either centralized memory or distributed memory
organizations. Remapping is critical to the performance
of the computation on centralized memory multipro-
cessors because parallel programs often rely on dis-
tributed data structures to exploit the data locality of
caches and reduce the contention of access to shared
variables. The processing nodes can be either homo-
geneous or heterogeneous in terms of their computa-
tional capacities. In the following, we first assume
homogeneous systems. We will extend the analysis to
heterogeneous environments in Section 6.

Let ¢ be a time variable, representing phase index of
an adaptive bulk synchronous computation. We quan-
tify the workload of processor i at time ¢ by w;(¢) in
terms of the number of residing processes, i=
1,2,...,N. Let z(#) denote the amount of workload
generated or finished from #— 1 to ¢. Let the vectors
w(t) = (wi(8),wa(2), ..., wn (1)) and z(1) =
(z1(2), z2(f), ..., zn()) denote the global workload dis-
tribution at certain time ¢ and the workload change
distribution from time ¢ — 1 to ¢, respectively. Then, the
workloads at time ¢, without remapping, satisfy the
following dynamic systems:

w(t)=w(t—1)+z(1). (1)

The distribution of the workload change z(¢) has
much bearing on the reward of remapping. Given some
adaptive computations whose execution behavior is
non-deterministic, it is possible for uniform distributions
of w(?) in same phases become severely imbalance in the
next phase. That is, for computations whose execution
behavior is non-deterministic and non-predictable, there
exists the possibility that a version with no balancing
would outperform a dynamically balanced version,
regardless of how well one can optimize the remapping
procedure. Therefore, in order for remapping to be
promising in leading to appreciable performance gains,
the ideal arena in which to apply remapping would be
the class of computations whose computational require-
ments vary gradually over time.
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w; = W.

Assume processors initially have the equal workload
at time ¢ = 0 and the amount of workload change, z;(?),
i=1,2,...,N, are independent random variables with
mean u; and variance af. Note that modeling the
workload (or workload change) of a processor by a
random variable is commonplace in the performance
evaluation literature [21,19]. Most of their models
assumed the random variables were independent and
identically distributed (i.i.d.) with distributions like
normal distributions and exponential distributions. By
contrast, the model of workload change in Eq. (1) is
distribution-free and hence features a characterization
of general dynamic applications.

By the dynamic system in Eq. (1), it is expected that
the processors’ workload distribution will change with
time and finally lead to a severely imbalance state. Since
the duration of a phase is determined by the heavily
loaded processors due to the need of barrier synchro-
nization between phases, the overall system performance
may deteriorate in time. The objective of remapping is to
minimize the workload difference between processors.
Since a remapping operation incurs significant run-time
overhead, the adaptive computation cannot afford
frequent remapping. It must tolerate certain degree of
load imbalance so as to amortize the remapping cost.
Our primary concern is to minimize the remapping
frequency for a given tolerance.

Let w(¢) = (w(t),w(¢),...,w(t)), where Ww(t)=
Zf\i , wi(t)/ N, denote the uniform workload distribution
at time t. We define normalized extreme workload
difference at time ¢ as

d(t) =

E[max;—i,.. n|wi(t) — w(t)]]

i0) @)

Throughout this paper, E[-] denotes the expected value
of a random variable.

The term reflects the extra execution time of the most
heavily loaded processor and the waiting time of the
most lightly loaded processor, normalized with respect
to the average load level. The normalized metric ensures

that processors’ workload change at a comparable rate
between phases. average load level when a remapping
occurs. The first objective of this study is to find the
optimal interval T for a given bound D of the d(z). Since
a remapping operation drive any load distribution to a
uniform distribution, we consider a single period
starting from a uniform distribution (z = 0) to the time
(t = T) when remapping becomes necessary. Computa-
tion periods separated by remapping operations may
start with different workload mean w(0). The objective
is then reduced to maximize 7 while keeping the
workload difference bounded. Precisely, we represent
the objective as the following stochastic optimization
problem:

maximize T

w(t) =w(t—1)+z(1),
D,
0, forall r=1,2,....T.

17/ .
4 subject to

Notice that the objective of #2; is to optimize the
performance from the perspective of individual applica-
tions. Its optimal solution may not necessary lead to
high efficient utilization of the available system resource.
Fig. 2 shows two scenarios, where wy;_; = w — D and
wy; = w+ D for 1 <i<N/2in Fig. 2(a) and w; =W — D,
wy=w+ D, and w; =w for 3<i<N in Fig. 2(b).
Clearly, both are optimal solutions in terms of the
objective of 2. However, in practice, Fig. 2(b) is better
than Fig. 2(a) because Fig. 2(b) tends to generate smaller
degrees of load imbalance in subsequent phases. Note
that a barrier operation in a large-scale distributed
system takes substantial time even in the case that all
processors arrive at the synchronization point simulta-
neously. The superiority of Fig. 2(b) is also due to its
smaller cost for a barrier synchronization.

To reflect the desirable properties of Fig. 2(b), we
define a term normalized workload deviation v(t) at time ¢
to measure the normalized deviation of w(¢) from w(z),
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as follows:
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Correspondingly, the second objective of this study is
to maximize time 7 for a given bound B of the
normalized workload deviation o(z). Specifically, we
represent the objective as the following stochastic
optimization problem:

maximize T

w(t) =w(t—1)+z(2),

v(t) < B,

w(t)=0, forall t=1,2,...,T.

17 .
P subject to

By the objective of problem Zy, the distribution of
Fig. 2(a) is more desirable. On the other hand, the
objective of 21 should also be complemented by that of
#). Fig. 3 shows an extreme scenario, in which w; =
W+ (N —1)0 and w; = w — 9, for 2<i<8. Tt can be seen
that the scenario may exhibit a small workload
deviation and a large extreme workload difference for
a small § and a large N.

In fact, we have the following relationships between
the two objectives. The lemma reveals that remapping
with respect to v(¢) is a conservative strategy from the
viewpoint of d(z).

Lemma 3.1.
d*(1) + P <v*(1) <N (d*(1) + 67), (4)
where 0° = Var(max,—1 ,__y|wi(t) — w(?)])/(E[w(1)])>.

Proof.
2(0) = EIZE 0wi(1) = #(1))’]
(E[w(1)])?
S Elwie) — #(0)?)
(E[m(1)°
Average Average
P1 : : Z
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Fig. 3. An extreme workload distribution under objective of 2.

_ i El(max; () - w(0)))’]
(E[w(2)°
= N(d*(1) + 0%).

Similarly,

F)=d*()+60%. O

In subsequent sections, we address these two optimi-
zation problems separately for computations that
exhibit different statistical behaviors.

4. Optimal remapping frequency for problem Z;

First, we consider parallel computations that exhibit
distribution-free and i.i.d. random variables z;(-), i =
1,2, ..., N in the model of Eq. (1). The distribution-free
random process model represents very general classes of
bulk synchronous applications. We will derive a lower
bound of the optimal remapping interval for a given
bound of the normalized extreme workload difference.
The bound is tight and nearly optimal in the case that
the remapping interval becomes large enough. For
computations that are of Markovian or exponentially
distributed random processes, their optimal remapping
frequencies will be derived.

For tractability, we approximate the optimization
problem by decomposing the extreme workload
difference d(¢) into a weak combination of d,(f) and

dy(1):

E[max;—i, .~ wi(t) — w(t)]
E[w(1)] ’

di(t) = (5)

E[w(t) — min_y ..y wi(1)]

Elw(1)]

(1) = (6)

4.1. Distribution-free workload changes

To analyze the effect of periodic remapping on
distribution-free workload processes, the only assump-
tion we need to make is that the i.i.d. random variables
zi(t), i=1,2,...,N, are of the same mean p and
variance ¢°. It holds in most data parallel applications
on homogeneous computer systems because processes
on a portion of data domain normally exhibit the same
computational characteristics as the overall computa-
tions. Assume processors initially have the equal work-
load and their initial workloads w;(0) = w. By Eq. (1),
the workload of processor i at time ¢ is

wi(t) =wi(t— 1) +z(t) =w+ Zt: zi(f).
=1
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Var(w;(t)) = Var(w) + zt: Var(z;(j)) = ta*.
=

Thus, the workloads of N processors at any time ¢,
wi(8),wa(t), ...,wn(t), are i.i.d. random variables with
the same mean w + ¢u and variance t6>. Therefore, using
well-known result from order statistics [5], we have

| _max  wio)] <t 2 Vo ™)
Thus,
_ E[max;—ip .y wi(t) —w(1)]
0= E[(1)]
E[izl,z:d.?N wi(t)] — E[w(?)]
B E[w()]
< W‘f’lﬂ'i‘\/’;/];—ll\/fa— (w+ tu)
w+tu
(N = 1)io
V2N — 1w+ 1)
and likewise
(N —1)Vie
PSS AN T+ )

For a given bound D of the normalized extreme
workload difference, if

i (N—1Vig
) = A= T(w+ ) ®)

then, neither d(z) or d(¢) is larger than D. Thus, our
objective is to find the maximum 7 such that Eq. (7)
holds for ¢t = 1,2, ..., T*. The T* is a lower bound of the
optimal interval for the problem #.

Fig. 4 plots d(¢) without remapping in the case u#0.

24/ (2N-=1)wu

time of Ty = w/u. The figure shows that processors tend

It reaches its maximum value D* =

d(t)
(N—1)o
24/ Q2N —1)wu
Df----- : '
T* w/ i t

Fig. 4. Illustration of normalized extreme workload difference: p#0.

to arrive an equilibrium state statistically in the long
run, while their workload difference is increasing at the
beginning until the time of w/u. Suppose processors’
initial load level is 100 and the mean of workload change
each time step is 2. The most severe load imbalance
occurs in 50 steps in statistics. Setting an appropriate
bound D ensures processors workload difference won’t
exceed a certain level.

We present the dependent relationship between the
bound D and remapping frequency 7% in the following
theorem.

Theorem 4.1. Assume the workload change, z;(-), i =
1,2,....,N are iid. arbitrarily distributed random vari-
ables with the same mean u and variance ¢>. For a given
small bound D of the normalized extreme workload
difference, a lower bound of the optimal remapping
interval for problem 2y is

1. if u#0, for a given D:%7 m=172 ...,

T = 2m* — 1 = 2mvVm? — 1) Ty, 9)
where Ty = w/u;
2.0 =0,
1\ D22
T — (2N 1)12) W (10)
(N —1)"¢?

Proof. From Eq. (7), if u#0, we obtair} that for a given
small bound which is not larger than d*(¢),
(N —1)%62 —2(2N — ))wuD? — (N — 1)o/4; _ .

1< )
22N — 1)D22 !

(N — 1)’62 = 2(2N — 1)wuD? + (N — 1)a/4,
22N — 1)D?p2
where 4, = (N — 1)%62 —4(2N — 1)wuD?. It can be
shown that 0<#; <t,. Thus,
(N —1)%62 = 2(2N — 1)wuD* — (N — 1)a/4,
202N —1)D2
=@m? =1 = 2mVm2 — 1)~
u
=2m* — 1 —=2mVm? — )Ty.
If © = 0, we directly solve Eq. (7) and obtain

2N — 1)D*w?
( )
(N -1

=1y,

=

T =1t =

*

Theorem 4.1 shows the optimal interval 7" is
dependent on the bound of load imbalance degree D
and processors’ initial workload as well. The depen-
dence on initial workload W is because d(7) is defined as
a relative workload difference to the workload mean.
The impact of initial workload distribution cannot be
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completely isolated due to the workload change z;(¢)
being relative to the workload mean. Theorem 4.1 also
shows that the remapping interval 7% increases with
bound D. That is, given a looser bound (possibly due to
heavy overhead of remapping), computations can
proceed without remapping for a longer time.

As t gets large, according to the central limit theorem
of statistics [23], the N 1ii.d. random variables
wi(2), wa(t), ...,wy(t), would tend to become normally
distributed with the same mean w + ¢u and variance to?,
as t gets large. Combined with the extreme value theory
[2], it follows that

E[Alrr%axN 14/[(1)} ~w+ tu+ a(N)ovt, (11)
where
Inln N +1In4n Y
2(N) = 2InN)'/* — 7 7
2(2In N) (2InN)

and 7 is Euler’s constant (0.5772---). To ensure d(¢) <D,
we conservatively set

d(1) %sa (12)

for a given bound D. It can be easily shown that

d(1) reaches its maximum value D* = ;% at the time

of Ty =w/u. Therefore, we can derive a tighter
bound for the remapping interval, as shown in
Theorem 4.2.

Theorem 4.2. Assume the workload change, z;(-),
i=1,2,....,N are iid. arbitrarily distributed random
variables with the same mean p and variance o*. For a
given loose bound D of the normalized extreme workload
difference, a tight bound of the optimal interval for the
problem 2y is

1. if u#0, for a given D =2 m=1,2, ...,

m’

T = 2m* — 1 = 2mvVm? — 1) Ty, (13)
where Ty = w/u;
2.ifu=0,
D2 2
e (14)
()]0

Note that the bound 7" in the above theorem is
proven to be near optimal as the remapping interval
becomes large enough due to the central limit theorem.
However, how large the remapping interval should be
for an accurate approximation is still open in theory.
Simulations in Section 4.3 will show that its accuracy is
sustained even in the case of frequent remapping with an
interval of as small as 8 steps.

4.2. Exponentially distributed workload changes

Adaptive computations are often modeled by a
Markovian birth-death process in the literature [19,22].
In general, we assume the workload of processors z;(-)
are i.i.d. random variables with an exponential distribu-
tion. Then, the total workload change of a processor at
time ¢, i.e. the summation of z(¢), wi(t) = Y/, zi()), is
of gamma distribution, with the density function

‘uf—zxz—l e—x//x,-
fix) = { w

0 otherwise,

if x>0,

(15)

where I'(¢) is the gamma function, defined by I'(¢) =
fow s"~le=s ds for any t>0. Correspondingly, the prob-
ability distribution function of the random variable w! is

_ex/ N t Ly w)
Fi(x) = 1—e ijo i if x>0', (16)
0 otherwise.

Using order statistics, we obtain the mean of the
maximum of the above N independent gamma dis-
tributed random variables w;(#) at time ¢ for
i=12,...,N:

MA’i(l)}

=12,...N

B 0 N A N fl(x)
_ /O x{H F,(x)} ; ) O (17)

E [ max
i=

=1
Let g(¢) denote the right-hand side of Eq. (15). There-
fore,
_E[maxi:m,_“,N Wi([) — W([)]
= E[i(0)
~ wH E[maxi_o.. yWi(1)] — E[¥(2)]
a E[w(1)]
~ wHg(t) — (w+ )
o W+t
_9()—u
wta’
where 7= >N, u;/N, and likewise
g(1) — 1
dr(t) = ————.
2(7) w+ti

For a given bound D, our objective is to find the
maximum 7 such that

di()sD fori=1,2, r=12,...,T"

)

Thus, we have the following results.

Theorem 4.3. Assume the workload change of processors
zi(+), i=1,2,...,N are i.id. random variables with an
exponential distribution of mean u; and variance a7,
respectively. For a given bound D of the normalized
extreme workload difference, the optimal remapping

interval for the problem Py is the solution T* of the
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Table 1
Optimal remapping intervals for 2 with death—birth modeled workload changes
D 0.05 0.06 0.07 0.08 0.09 0.10 0.11 0.12 0.13 0.14
Tfee 1 2 3 4 5 6 7 9 10 12
o 12 17 22 28 34 42 50 58 68
simu 7 11 15 19 25 31 35 41 49 56
following inequality: 140
g(l) _ lﬂ 120 fSF’_redIic{eg in{erva:: 8:818 -t B
— * — Imulated interval: D=0. —
W+ il <D fort=12,...,T" (18) g Predicted interval: D=0.08 ---3---
v n $ 100 [Simulated interval: D=0.08 —&—
B Rredlicted interva:: D=0.06 ——o-—-
Although we cannot derive the optimal remapping 2 g [Smulated interval: D=0.06 ]
interval T* in a closed form due to the complexity of the §
term ¢(?), its approximation can be easily obtained by g
numerical methods. £
8
4.3. Simulation results

Note that 7" in Theorem 4.1 is a conservative
estimate of the remapping interval subject to the
optimization constraints of problem #;. To illustrate
the accuracy of the estimate, we conducted two
experiments to simulate the random processes with
different distributions over 64 processors. Processors
were assumed to be initially balanced with 100 workload
units, unless otherwise specified. Each simulation data
was an average of 400 replications.

The first experiment assumed that processors change
their workload units following a distribution function

I, w.p. 0.25
z(t)=4¢0, w.p. 0.5, (19)
—1, w.p. 0.25,

where w.p. means “with probability”. It is a typical
death-birth Markov chain model. Similar distribu-
tion functions were also considered by other
researchers [19].

Table 1 shows the simulation results for different
bounds of normalized extreme workload difference. For
comparison, the theoretical results, T¢,.. of Theorem 4.1
(due to distribution-free workload changes), 77 ., of
Theorem 4.2, and the practical simulation results T3,
are included. The table confirms the conservativity of
T;..- By this estimate, the bulk synchronous computa-
tions would rely on much more than necessary remap-
ping operations to ensure load balance. It is because the
expected results do not assume any distribution in-
formation with the workload change. Although con-
servative, they serve as lower bounds of the remapping
frequency. That is, without any knowledge about the
workload change, periodic remapping at intervals of
T guarantees the load imbalance degree to be
bounded by a pre-defined threshold D.

100
Initial workload level on each processor

125 150 175 200

Fig. 5. Optimal remapping intervals with different initial workload
levels.

By contrast, it can be seen that T, . .. is quite
accurate in all the test cases, even though T, . is
approximated for the case of large ¢ in theory. For
example, for a given D =0.06, T .. requires a
computation to perform remapping operations every
12 steps. It is close to the 11 steps obtained from
simulations. It suggests that Theorem 4.2 be applicable
to real situations.

Recall that Theorem 4.1 shows 7* depends on
processors’ initial workload, as well as the normalized
extreme workload difference D. Fig. 5 confirms the
results with plots of the optimal remapping interval
T} .ma Versus different initial workload. In comparison
with T3, the figure also shows that 77 ... provides an
optimistic estimate of the remapping interval. The actual
remapping frequency should be slightly higher than
estimations from the central limited theorem. Accuracy
of the estimation drops with the increase of the initial
workload because we assumed each processor changes
its workload by a constant unit, independent of its
actual workload at run-time. Treatment of situations
where the workload change at each step is relative to
workload distributions is beyond the scope of this paper
and are to be investigated in the future.

In the second experiment, we assumed that processors
changed their workload units according to an exponen-
tial distribution function with the same mean u = 0.5.
Table 2 presents the simulation results, together with the
corresponding theoretical results, T, of Theorem 4.3.

Evidently, 7t is highly accurate, in particular in the
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Table 2
Optimal remapping intervals for 2| with exponentially distributed workload changes
D 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
Th 1 2 4 8 13 18 27 40 73
T 1 2 4 8 14 20 30 45 76
case of small load imbalance tolerance (i.e. tight bound v(t)
of extreme workload difference).
)2 5|

5. Optimal remapping frequency for problem Zy; B .

This section addresses the issue of when to remap, % A E_ ____________________
subject to the second optimization constraints, for L : . '
applications where the workload change of processors Lo '
z;(+) are independent with mean ; and variance o7. We Do .
will precisely characterize the transient behaviors of T, T% T t

random processes and derive optimal remapping fre-
quencies for the most general computations that are of
distribution-free workload changes.

5.1. Distribution-free workload changes

Before deriving the optimal remapping interval for a
given bound B, we first present an asymptotic value V'
of the workload deviation v(¢) as ¢ gets large. As shown
in Fig. 6, it is the stationary workload deviation when
the computations proceeds without remapping.

Lemma S.1. The normalized workload deviation function
v(t) of Eq. (3) is convergent to a asymptotic normalized
workload deviation V1 as t— oo and

. Zﬁilﬂ% - N@?
Vo= lim o(t) = +———
— 'u

if i#0, where i =S\ i,/ N.

Proof. According to Eq. (1), the workload of processor
i at time 7 is

wi(t) =wi(t = 1) +z(t) =w+ Z zi(j).
=

Thus,

Fig. 6. Illustration of normalized workload deviation.

EDw2 (1)) = Var(w(0) + (Ebwi(1)))
= m? +(w+ t,ui)z,

E[w(1)] = Var(i(1)) + (E[#(1)])’
=162 /N + (w + tfi)°.

Hence,
N
> (wir) - w(x))zl
i=1

N
Y AEW;(0)] = 2Ewi(0)w(n)] + E[W*(1)]}
i=1

N
> u?—Nﬂﬂ £

i=1

E

(N — 1)é*t +

It follows that

1) =
i £ (1)
VIV =D&+ XN, 12 - N2l "
B W+ Ll ' (20)
Consequently,
N2 72
=1y — Nt

For a given bound B, we want to find the maximum
T* such that v(#) < B. Fig. 6 shows the workload change
with time. Let B* denote the maximum value of v(#). We
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can prove that
B (N —1)é?
2\/14/;1[(N —1)62 —waV?]

and v(¢) reaches the maximum value B* at time
w(N — 1)6?

T = .
T AN - 1)@ —2wal?

Note that v(¢) increases to V. at time
B*w?
(N —1)62 - 2B>wig’

T, =

Consequently, we obtain the following theorem.

Theorem 5.1. Assume the workload change of processors
zi(+), i=1,2,...,N are independent random variables
with mean ; and variance o?, respectively. For a given
small bound B of the normalized workload deviation, the
optimal remapping interval for the problem 2y is

1.

T, if B=V,
=4 ’f L (21)
T, if B=B".

2. For a given B, 0<B<B* and B+#Vy, there exits
m¢[0,1] such that B* = V} +L (B2 — V}). Then,

T" =2m—=2m\/1—-1/m—-1)T,
—2(m—my\/1—1/m—1)T. (22)

Proof. For a given bound B, we want to find the
maximum 7 which satisfies v(#) < B. It follows that for
r=1,2,..., T,

N
B - <Z ng _lez)] P
i=1
— (N = 1)6* = 2B*wf]t + B*w* >0. (23)

In order to obtain real number solutions to the above
inequality, the bound B must be set to be less than or
equal to the maximum value of v(¢). For such a small
bound, Eq. (23) leads to the following solutions:

1. if B=B*, t<T>;
2. if B— V>0,
(N — 1)6* = 2wiaB> — /43
2B - VDR
(N — 1)6* = 2wiaB® + /43
N~ = T47
2B - VDR
where A3 = [(N — 1)6% — 2B?wal” + 48w [N 12 —
(N + B*)@%], and it is easily shown that 0< T3 < Ty;
3.iff B—Vy =0, t<Ty;

= Ts;,

I<

=

4. if B— V. <0, Ty <t<Tj, where it is easily shown that
T3>0 and 7, <0.

Thus, the optimal remapping interval for the problem
Py 18
T, if B=11,
T"=< T, if B=B", (24)
T; if B#Vy, 0<B<B*.
For a given B, 0<B<B* and B# V., there exits

m¢[0,1] such that B> = V{ + L(B2 — I'Z). In order to
simplify the proof, let

A= (N -1)¢ - wﬂVﬁ, Ay = (N - 1) - 2wﬂVﬁ.

Then,
2 V2 N—1 =2
T1:W L, Tzzu and T2—2T1:¥.
A> A, iz
Thus,

(N — 1)6* = 2wiaB?> — /43
2(B* - V)2

=02m-=2m\/1—=1/m—-1)T)
—2m—m\/1=1/m—-1T.

Therefore, this theorem is proved. [

T; =

Since the workload change z;(¢), i=1,2,...,N, are
assumed to be of distribution-free with different means
and variances, 7" of Theorem 4.1 holds for most general
classes of computations. In the case that z;(¢) share the
same mean u and variance ¢, the normalized workload
deviation function is reduced to

(N —1)o?t

1) = 25
() = Yo (25)
and VL =lim,., o, v(z) = 0. .

The maximum value of v;(¢), B, is equal to (N; :ﬁfa

when Ty = w/u, as shown in Fig. 7. Comparing with

A

d(t) in Eq. (7), it is interesting to see that
2N -1 .
vi(t) =4/ ~ 1 d(r). (26)

v1(1)

(N—=1)g?
4w

T* w/u t

Fig. 7. Illustration of normalized workload deviation: same mean

u (u#0) and variance ¢”.
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Recall that d(¢) is a conservative index of extreme
workload difference d(f) due to the use of order
statistics in analysis. Eq.(21) shows that conserv-
ative results in terms of £) are corresponding to
the optimal results in problem £;. We present the
optimal remapping frequency with respect to v;(f) as
follows.

Corollary 5.1. Assume the workload change z;(-), i =
1,2,...,N are independent random variables with the
same mean u and variance ¢*. For a given small bound B
of the normalized workload deviation, the optimal
remapping interval for the problem 2y is

L ifu=0,
w2 B?
Tr=——_ 27
(N —1)o?’ (27)
2. if u#0, for a given B=E£,
T = 2m* — 1 —2mvVm? — 1) Ty, (28)

where Ty = w/uand m=1,2, ....

5.2. Simulation results

We conduced a similar experiment to the first one of
the preceding section to simulate distribution-free
multiple birth-death Markov chains on 64 processors.
Assume workloads are initially balanced with 100 units.
Table 3 shows the simulation results from different
bounds B of the normalized workload deviation,
together with the corresponding theoretical results,
Tt of Corollary 5.1. From the table, it can be seen
that T, perfectly matches the simulation results. The
optimality of the estimation can also been seen from
Fig. 8 with different initial workload levels.

By Lemma 3.1, we know the relationships between the
extreme workload difference d(z) and workload devia-
tion v(¢). Comparing Table 3 with Table 1, we can see
the remapping frequencies by the two objectives of 2|
and Zy for given D and B are in agreement with the
relationship uncovered in the lemma. For example, in
the case of D = 0.1, the maximum remapping interval
by Table 3 is 31 iteration steps. According to Lemma
3.1, the range of B corresponding to the D is
approximately between 0.1 and 0.8 because N = 64.

From Table 3, it can be seen their maximum remapping
intervals are close to 31.

6. Remapping on heterogeneous distributed systems

Note that the above analysis assumed processors were
homogeneous in their computational capacities and
behaviors of the bulk synchronous computations were
known in advance. In this section, we will extend
the analytical framework to heterogeneous distri-
buted systems by taking into account the processors’
different computational capacities in remapping.
There were many recent studies on mapping and
remapping on heterogeneous computing systems (see
[10,13,25] for examples). Their focuses were mostly on
the issue of how to map and remap. This section
emphasizes on its complementary issue of when to
remap.

Let a constant vector ¢ = (¢y,¢a, ..., cy) denote the
processors’ computational capacities. We normalize
workload distributions with respect to the capacity
vector by setting

w( = (20220, l0)

a o " oen

and re-defining the uniform workload distribution at
time ¢ as

Sy wil/a

w(t) = I

120

100 [-Predicted interval: B=0.30 ---+---
Simulated interval: B=0.30 —+—
Predicted interval: B=0.25 ---&---

80 | Simulated interval: B=0.25 —&—
Predicted interval: B=0.20 ---e---
Simulated interval: B=0.20 —e—

60

40

Optimal remapping inverval

20

50 75 100 125 150 175 200
Initial workload level on each processor

Fig. 8. Optimal remapping interval with different initial workload
levels.

Table 3

Optimal remapping intervals for #;; with same mean and variance distributed workload changes

B 0.10 0.15 0.20 0.25 0.35 0.40 0.45 0.50 0.55
T e 3 7 12 19 38 50 64 79 96
T 3 7 13 20 39 51 65 79 97

simu
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Correspondingly, we define the normalized extreme
workload difference at time ¢ as

_ E[max;—is,. n|wi(1)/c;i — w(t)|]
S ) |

and the normalized workload deviation at time ¢ as

VESY oni(0) /e — #(0))°]
Efw (1) |

From the analysis in preceding sections, it can be
easily seen that the major results in theorems hold for
normalized workload levels if processors’ workload
change after normalization, z;(¢)/c¢; are identical. How-
ever, it may not be the case in general heterogeneous
systems. As revealed in [3] through profiling NAS
benchmark programs, running the same code with
identical inputs on different machines may lead to
execution time with different distributions. Given
independent z;(¢), the normalized workload change
zi(t)/c; are still independent. Then, the results for
Problem £y in Section 5 still go through because of
the distribution-free assumption on z;(¢). In the follow-
ing, we will solve the generalized problem £ by relaxing
the distribution-specific assumptions.

Denote w;(¢) to be the accumulation of the normal-
ized workload change at processor i from time 1 to time
t. M/}i(t) = Z}lei(j)/ci. Let Y = max,-zlyzy_m,m&,-(t). It is
a random variable with the probability distribution
function

Fy) =] F ), (29)
i=1

where F/(-) is the distribution function of w;(¢). The
probability density function of the maximum, found by
differentiating, yields

N N
0 =>_ o 11 Fw. (30)
= i=1,i#j

where f/(-) is the density function of ;(¢). Conse-
quently, we have

wo] = [ o) 61)

Notice that the density function f/(y) and distribution
function F/(y) in Eq. (25) are presented in most general
forms. Two examples of the functions are Egs. (14) and
(16) in Section 4.2. That is, when the normalized
workload change z;(f)/¢; at different processors are
i.i.d. random variables in an exponential distribution
with different mean y;, the density and distribution
functions f/(y) and F/(y) in Eq. (25) can be represented
in the same closed forms as Eq. (14) and Eq. (16).

E| max
i=12,....N

Let =Y u;, and h(z) denote the right hand side
of Eq. (26). In a similar way to the proof of Theorem
4.3, we obtain the following results.

Theorem 6.1. Assume the normalized workload change
zi()/ei, i=1,2, ..., N are independent random variables
with different means y; and different distributions. For a
given bound D of the normalized extreme workload
difference, the optimal remapping interval for the problem
Py is the solution T* of the following inequality:

h(t) —ti

<D t=1,2,...,T". 32
—— for (32)

We remark that Theorem 6.1 is a generalization of
Theorem 4.3 because Theorem 6.1 does not assumes any
distribution information about the workload change
z;(t)/¢; or its summation W;(¢). Theorem 4.3 holds in a
special case that the workload changes z;(7)/c; on
different processors, I<i<N, are ii.d.random
variables in exponential distributions. The second
numerical experiment in Section 4.3 verifies the result
in Theorem 4.3.

7. Concluding remarks

In summary, we have presented a formal treatment of
the issue of when to invoke remapping operations
during the execution of adaptive bulk synchronous
computations. The objective of this study is to derive
optimal remapping frequencies for a given tolerance of
load imbalance. We have formulated the optimization
problem as optimizing the remapping frequency while
keeping the degree of load imbalance bounded by a
constant. The degree of load imbalance is defined as
normalized extreme workload difference between pro-
cessors and normalized workload deviation from uni-
form distributions.

Unlike the general stochastic optimization ap-
proaches, which tend to reveal asymptotic or stationary
properties of a random process, the analytical ap-
proaches we have developed are intended to capture
the transient features of a random process because
remapping operations are intended to be invoked at the
beginning of the process. Using order statistics theories
and other stochastic optimization techniques, we have
derived the optimal remapping frequencies for adaptive
computations that exhibit various statistical behaviors.
The analytical results have been shown solid via
simulations.

Note that the analysis in this paper assumes statistical
independence between processors’ workloads for tract-
ability. However, workloads in many real situations may
be correlated. For example, in molecular dynamics
applications, atoms tend to move around and conse-
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quently the workload change between adjacent sub-
domains are highly related. Future work will be to
extend the model to take into account the covariance of
workload change Couv[w;, w;] between processors i and j.
The periodic remapping policies reported in this paper
assumed a priori knowledge about the workload change
distributions and the cost for each remapping operation.
Workload or execution time estimation on its own is an
important topic. In [30], we derived tight bounds on
execution time of bulk synchronous computations.
Methodologies for determining phase-wise execution
time distributions based on workload information in
previous phases of a bulk synchronous computation
need to be further studied. Future work will also include
the estimation and/or measurement of remapping cost
for a given remapping algorithm. Log P performance
model provides a good way for such estimations.
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