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Abstract—A bulk synchronous computation proceeds in phases that are separated by barrier synchronization. For dynamic bulk

synchronous computations that exhibit varying phase-wise computational requirements, remapping at runtime is an effective approach

to ensure parallel efficiency. This paper introduces a novel remapping strategy for computations whose workload changes can be

modeled as a Markov chain. The use of Markovian model allows us to treat statistical dependence and more complex structure than

the usual independent identically distributed random variable assumptions. Our models are quite general and we do not need to

impose conditions on the dynamics of the underlying process other than the transition probability matrix. It is shown that optimal

remapping can be formulated as a binary decision process: remap or not at a given synchronizing instant. The optimal strategy is then

developed for long lasted computations by employing optimal stopping rules in a stochastic control framework. The existence of

optimal controls is established. Necessary and sufficient conditions for the optimality are obtained. Furthermore, a policy iteration

algorithm is devised to reduce computational complexity and enhance fast convergence to the desired optimal control.

Index Terms—Mapping, remapping, optimal stopping, bulk synchronous computation, stochastic control.
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1 INTRODUCTION

ONE of the most important issues in parallel computing
is assignment, or mapping, of the workload to

processing nodes of a parallel computer. The primary
performance goals of mapping are to balance the workload
among the processors, to minimize the interprocessor
communication, and to reduce the runtime overhead of
managing the assignment [6], [28]. This can be accom-
plished statically or dynamically, depending upon the
nature and predictability of the computation. Static assign-
ment works for applications that have static and predictable
computation and communication characteristics. For appli-
cations that have unpredictable characteristics, dynamic
scheduling must be used at runtime so as to adapt to the
change of the workload. A special form of dynamic
scheduling is dynamic remapping, the subject of this paper,
which redistributes the workload among processing nodes
during the execution time.

In general, achieving the optimal performance goals of

mapping is computationally intractable due to numerical

complexities. However, a bulk synchronous computation

lends itself to a fairly structured approach to mapping.

Its processes proceed in phases that are separated by

global synchronization. During each phase, they perform

calculations independently and then communicate new
results with their data-dependent peers. Due to the need
synchronization between steps, the duration or execution
time of a step is determined by the most heavily loaded
processor, which in turn determines the total execution
time of the application.

Bulk synchronous computations may exhibit varying
phase-wise computational requirements as the computation
proceeds. This can occur in applications where the behavior
of the physical objects being modeled changes with time.
For example, a molecular dynamics program simulates the
dynamic interactions among all atoms in a system of
interest for a period of time. For each time step, the
simulation calculates the forces between atoms, the energy
of the whole structure, and the movements of atoms. Since
atoms tend to move around, the amount of workloads with
different parts of the system will change from one step to
another as the atoms change their spatial positions.
Dynamic computations can also appear in solution-adap-
tive problems. For example, a computational fluid dy-
namics code calculates the velocity and pressure of grid
points for the purpose of deriving their structural and
dynamic properties. In simulations that use adaptive
gridding to adjust the scale of resolution as the simulation
progresses, computational workloads associated with dif-
ferent parts of a grid may change from phase to phase.
Dynamic bulk synchronous computations can also appear
in multiprogrammed distributed systems. Since the re-
sources available to a job may change as other jobs join and
leave, even a static bulk synchronous computation may
exhibit nondeterministic computational characteristics.

Due to its popularity in many application areas, dynamic
bulk synchronous models have long been the subject of
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extensive research. Marinescu and Rice quantitatively
analyzed the effects of the load imbalance of a bulk
synchronous computation, assuming that the execution
times of processes in an iteration are independent and
identically distributed random variables [15]. Agrawal and
Chakradhar modeled VLSI logic simulations as the dynamic
bulk synchronous model [1]. By assuming the workload of a
processor within a time step to be a binomial random
variable, they derived an accurate estimate of the parallel
simulation time. Madala and Sinclair derived asymptotic
approximates and upper bounds for the average execution
time of a bulk synchronous computation [14]. Similar
results were obtained by Peterson and Chamberlain when
they modeled a general class of discrete event simulation as
the dynamic bulk synchronous model [23].

There were also studies on dynamic remapping with an
objective of lessening the penalty due to synchronization
and load imbalances [4], [7], [10], [11], [17], [22], [24], [25],
[26], [29]. Dynamic remapping strategies were demon-
strated effective when they were applied to solution-
adaptive CFD [11], [26], multistage image understanding
systems [4], and Monte Carlo dynamical simulations [10],
[25]. Dynamic remapping was shown to be important for
applications that have no inherent synchronization require-
ments as well [18]. Nicol and Ciardo experimented with
dynamic remapping at artificial synchronization points
created with real-time clocks. There were also time-efficient
distributed remapping strategies that redecompose the
problem domain in parallel based on the previous distribu-
tions [29]. They are not sufficient to produce the highest
quality partitions because of the lack of global knowledge
about the problem domain. The loss of their quality could
be compensated for by its smaller runtime overhead in
periodic remapping.

Since dynamic remapping incurs nonnegligible runtime
overhead, a more critical issue is when to remap so that its
performance gain will not be outweighed by its overhead. It
can be either specified by the programmer in the form of a
directive or determined automatically by the compiler.

For applications with gradually varying resource de-
mands, Nicol and Saltz [20] proposed a simple provably
good invocation policy, Stop-At-Rise (SAR). Moon and
Saltz [16] applied the SAR invocation policy, coupled with
an elegant chain-structured partitioner and a recursive
coordinate bisection (RCB) partitioner, to three-dimensional
direct Monte Carlo simulation methods. An alternative to
the SAR is periodic remapping. Xu and Lau [27], [28] and
Nicol and Ciardo [18] experimented with periodic remapping

policies against the remapping periodicity in parallel
skeleton of images, WaTor simulation, and discrete state-
space generations. Moon and Saltz [16] compared the
periodic policy with the SAR strategy in their Monte Carlo
simulations and found that the best fixed interval policy
was able to deliver comparable performance to the SAR
through the periodic policy. There are also application-
specific remapping policies that invocate remapping in
response to abrupt changes of the computations (e.g., grid
refinement in the CFD code) or changes of the system
resources [5], [4], [19].

The literature is littered with heuristic invocation
policies. There were few rigorous analyses of the impact
of the invocation policies. In [9], Fong et al. studied the
periodic remapping policy, focusing on the impact of
remapping frequencies. They formulated the problem as
sequential stochastic optimization and derived optimal
remapping frequencies for additive and multiplicative
workload change models with known and unknown
probabilistic distributions. In general, Nicol and Saltz
modeled the decision process of “when to remap” as a
stochastic dynamic programming problem [20]. They
defined a cost function with respect to the remapping
overhead and potential gains over a finite number of steps.
They derived optimal remapping controls by recursively
updating the cost function according to the Bellman’s
optimality principle [2]. Due to the high complexities of
dynamic programming, their analytical approach is limited
to small scale systems, small workload state spaces, and a
small number of computation steps.

It is noticed that the effects of a remapping operation
normally will not last for too many steps in dynamic bulk
synchronous computations. Any uniform distribution gen-
erated by a remapping operation will soon become
imbalanced again as the computation proceeds and the
computation will evolve into a similar state to the one prior
to remapping. We consider the remapping problem over
computation steps ½0; N �. For sufficiently large N , it can be
approximated by that of ½0;1Þ.

With this regard, we formulate the remapping problem
for long lasted bulk synchronous computations as an
optimal stopping problem in stochastic control theory. It
deals with a free-time problem, namely, how to control
(remapping) until a desired target set (workload balance) is
reached. By converting the optimal stopping problem to an
equivalent binary (i.e., remap or not) decision over an
infinity horizon, we derive conditions for the existence of
optimal strategies and present necessary and sufficient
conditions for the optimality. Searches for the optimal
controls are reduced to finding fixed points of a policy
iteration equation. This iterative process converges at a
geometric rate.

The analytical approach in [20] was based on an
assumption of multiple independent Markov chain work-
load evolution models. That is, the workload of a process
changes in a way that its new value depends only on its
own current load. This assumption does not hold in many
applications. For example, in molecular dynamics applica-
tions, the workload evolution of a process is explicitly
dependent on its own load and on the loads of other
processes because the atoms would move across partitions.

Another main contribution of this paper is that our
remapping formulation eliminates the assumption of in-
dependent workload evolutions between processes. By
modeling the workload evolutions of different processes
collectively as a single vector-valued Markov chain, the
workload of a process can depend on its own load as well as
that of others.

The rest of the paper is arranged as follows: Section 2
characterizes the bulk synchronous computations as a
Markov chain workload evolution model. Section 3 estab-
lishes the connection of remapping with that of optimal
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stopping in stochastic control. The optimal remapping
strategy is then treated in Section 4. We illustrate the
remapping strategy through a concrete example in Section 5.
Section 6 concludes the paper with remarks on future work.

2 BULK SYNCHRONOUS COMPUTATIONS

Consider a bulk synchronous computation that is com-
prised of r processes labeled from 1 to r. Assume the
processes are running in parallel in a multiprogrammed
distributed system with the same number of processing
nodes. The computation proceeds in steps k ¼ 1; 2; . . . ,
separated by barrier synchronization. The processes may
exhibit step-wise computational requirements as the com-
putation proceeds. Resources allocated to the computation
can also vary with time as other jobs join and leave. Fig. 1
shows the computation model with four processes running
on different processors. The horizontal scale corresponds to
computation phases; the vertical lines represent barrier
synchronization operations which are due to begin.

Molecular dynamics (MD) is a typical example of such
bulk synchronous computations. It simulates the dynamic
interactions between atoms in a system of interest step by
step for microscopic insights into the structural and
dynamical properties of materials. At each step, the
simulation calculates the forces between atoms, the energy
of the whole structure, and the movements of atoms. Fig. 2a
shows the workload change of a molecular dynamic
program running on a cluster of three dedicated 4-way
SMP servers. By contrast, Fig. 2b plots the results on the
cluster when there is one cpu-bound disturbance job
running. Although the disturbance job was single-threaded

and occupying one processor at a time, it led to severe load
imbalance between the processors. The bulk synchronous
computation slowed down significantly due to the barrier
synchronization between phases.

Let wik be the workload of process i at step k and cik be the
capacity of its corresponding processing node. The execution
time of process iat stepk, tik is proportional to the workloadwik
relative to the capacity cik (or proportional to the scaled
workload), that is, tik � wik=cik. Since the duration of the kth
step of the computation is determined by the maximum of tik
for i ¼ 1; 2; . . . ; r, the total elapsed time of the computation for
N steps, denoted by T , is given by

T ¼
XN
k¼1

maxftik; i ¼ 1; 2; . . . ; rg: ð1Þ

As the computation proceeds, the workload wik and the
capacity cik may evolve dynamically and randomly with
step k. As a result, the execution time of each process tik
becomes nondeterministic. The objective of remapping is to
redistribute the processes’ scaled workload at runtime so as
to reduce the duration of each step and minimize the
elapsed time. Assuming the random processes fwikg and
fcikg, r ¼ 1; 2; . . . ; r, are independent, we refer to wik as
normalized workload relative to cik henceforth. Since tik is
solely determined by wik, we will use the terms of execution
time and workload of processes interchangeably.

2.1 Remapping

The remapping problem involves how to remap and when
to remap. The first issue is to balance the process workload
at a minimum cost. The second issue is to determine the
invocation conditions under which benefits of remapping
would not be outweighed by its runtime cost.

Assume that the computation starts with an initial
workload distribution wi1 for i ¼ 1; . . . ; r at time k ¼ 1. Use
a vector wk ¼ ðw1

k; . . . ; wrkÞ to denote the workload distribu-
tion at step k. The workload distribution wk changes with
time randomly, following the progressing of computation
tasks, and can also be altered by remapping. Denote the
workload distributions just before the remapping and right
after the remapping at step k by vectors wÿk and wþk ,
respectively, where w�k ¼ ðw

�;1
k ; . . . ; w�;rk Þ. Assume the un-

derlying computation suspends while remapping, that is,
there is no workload generation or consumption during the
procedure of remapping. A remapping operation then
defines a map:
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Fig. 1. An illustration of dynamic bulk synchronous computations.

Fig. 2. Workload change on dedicated and multiprogrammed systems.



wþk ¼ Rðwÿk Þ satisfying
Xr
i¼1

wþ;ik ¼
Xr
i¼1

wÿ;ik : ð2Þ

To develop a viable remapping strategy, we introduce a
measure, �ðwÞ, of workload imbalance among processors,
normalized with their capacities. Generically, �ðwkÞ � 0 is a
mapping from the scaled workload distribution wk ¼
ðw1

k; . . . ; wrkÞ to a nonnegative real value. Let w0
k denote the

average of the workload at step k and wk be a uniform
workload distribution. That is,

w0
k ¼

1

r

Xr
i¼1

wik and

wk ¼ ðw0
k; . . . ; w0

kÞ:
ð3Þ

Then, the measure of load imbalance � has the following
properties:

�ðwkÞ
¼ 0 if wk ¼ wk;
> 0; if wk 6¼ wk:

�
Among the many possible choices, the maximum imbalance,

�ðwkÞ ¼ kwk ÿ wkk1 ¼ max
i¼1;...;r

jwik ÿ w0
kj; ð4Þ

and the average imbalance,

�ðwkÞ ¼ kwk ÿ wkk2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXr
i¼1

ðwik ÿ w0
kÞ

2

s
; ð5Þ

are used most often. The remapping reduces imbalance in
that �ðwþk Þ � �ðwÿk Þ. Thus, �ðwÿk Þ ÿ �ðwþk Þ is a measure of
imbalance reduction by remapping. After the remapping,
the system starts anew, i.e., the initial condition is reset from
wÿk to wþk . Then the system is running with the new initial
condition wþk . In particular, wþk is reset to w when a total
remapping is implemented. Since the actual workload wþk
after remapping may not be an integer, wþk will be
quantized, say, by rounding to its nearest integer, as the
renewed initial state of workload after remapping.

Note that the cost of remapping generally depends on
the desired imbalance reduction. When the total remapping
becomes unaffordable, a partial remapping can be a choice
for better tradeoff between the cost and remapping benefits.
Optimal decisions for the best choice of partial remapping
operations are beyond the scope of this paper. The reader is
referred to [30] for an empirical study on the relationship
between the remapping cost and quality. This paper focuses
on the issue of when to remap, assuming total remapping is
implemented.

2.2 Workload Evolution: Markov Chain Models

A remapping operation resets any workload distribution wk
to a uniform distribution. Its runtime overhead aside,
effects of the remapping are also determined by the
computation characteristics. For computations following a
highly dynamic workload evolution model, remapping is
hardly beneficial because the uniform distribution it
generates would become severely imbalanced quickly.
Instead, an alternative scatter decomposition approach
was shown to be effective for such highly dynamic
computations [21].

Dynamic remapping was demonstrated to be viable in
computations under gradual workload evolution models.

Gradual changes of wk at each step ensure that the
remapping cost would be amortized by the benefits in
subsequent steps. A popular and elegant gradual workload
evolution model uses a Markov chain formulation. A
discrete-time finite-state Markov chain is a sequence fxkg
of random variables that take values in a finite set of scalars
or vectors. No matter the values are scalars or vectors, use
the collection of indices f1; 2; . . . ;mg to denote the set of
states M for notational simplicity. The Markov property
requires that the conditional probabilities satisfy

Prðxkþ1 ¼ jjx1 ¼ i1; x2 ¼ i2; . . . ; xkÿ1 ¼ ikÿ1; xk ¼ iÞ
¼ pðxkþ1 ¼ jjxk ¼ iÞ; 8k � 0:

That is, the transition probability of the next state, xkþ1,
depends only on the current state xk, not on the remote past.
When Prðxkþ1 ¼ jjxk ¼ iÞ ¼ pij is independent of k, the
corresponding Markov chain is said to be homogeneous (or
the chain has stationary transition probabilities).

For our model, we assume that the workload sequence
fwkg is a vector-valued Markov chain over finite state space
with a stationary transition probability matrix P ¼ ðpijÞ. We
also assume that the transition probabilities are unaffected
by remapping. The use of Markovian model allows us to
treat statistical dependence and more complex structure
than the usual independent identically distributed random
variable assumptions. Our models are quite general and we
do not need the dynamics of the underlying process other
than the transition probability matrix.

To illustrate, consider the following examples, in which
f�kg is a sequence of vector-valued or matrix-valued
independent and identically distributed random variables,
representing the workload change from time kÿ 1 to k.

Example 2.1. Consider the following random walk model:

wkþ1 ¼ wk þ �k:

Using such a model as the workload is the focus of [9].

Example 2.2. More generally, workload changes can be
modeled as a discrete-time dynamic system

wkþ1 ¼ fðwk; �kÞ; ð6Þ

where fð�; �Þ is an appropriate function, representing the
pattern of workload changes. The model (6) includes the
additive changes fðwk; �kÞ ¼ wk þ �k and multiplicative
changes fðwk; �kÞ ¼ �1

kwk þ �2
k as special cases. Note that,

in the multiplicative case, for each k, �1
k is an r� r

random matrix and �2
k is a random r-vector.

Molecular dynamics is an example of the Markov chain
model. We quantify the workload of a process in terms of
the number of atoms residing in a partition associated with
the process. Computation over each atom is a basic
execution unit. Since the atoms may move across partitions,
the workload of processes changes gradually as the
simulation proceeds. Because the next workload distribu-
tion, wkþ1, depends only on the current state wk, not on the
remote past, the workload sequence fwkg obeys a Markov
chain model. The workload change is independent of
simulation step k and the number of atoms is limited.
Hence, the Markov chain is homogeneous with a finite state
space. With the atoms moving from one partition to
another, the workload of a process in the next step should
depend on its own load, as well as the others, although,
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collectively the vector-valued fwkg obeys the Markovian
model. Nicol and Saltz studied the remapping problem,
assuming multiple independent Markov chains. This paper
goes beyond to more relaxed computation models.

For molecular dynamics programs running on a multi-
programmed system, we normalize the workload with
respect to the capacity of processing nodes and round the
workload to integers. As a result, for each i ¼ 1; . . . ; r, the
workload wik will take positive integer values and have a
finite state space. Without loss of generality, the state space
can be ordered and indexed by integers. The Markov state
space M consists of all possible values of w, where w is an
IRr-valued vector with the jth component representing the
workload of the process j. Note that our formulation using
finite state Markov chains is mostly for simplicity of
presentation. Countable state space Markov chains can be
treated by essentially the same techniques as discussed in
this paper, with some modifications.

3 FORMULATION OF THE REMAPPING PROBLEM

Assume that the processes are initially balanced. As the
computation proceeds, workloads are generated or con-
sumed. Remapping decisions can be symbolically repre-
sented by a sequence of binary-valued functions fukg such
that uk ¼ 0 means a remapping action is taken at time t ¼ k,
and uk ¼ 1 indicates that no remapping is executed at
time k. As a result, the pursuit of optimal remapping
strategy can be equivalently expressed as the search for
optimal sequence fukg.

For long-lasted computations with an infinite horizon,
i.e., N ¼ 1, the decisions are causal in the sense that uk can
be a function of past workload trajectories, as well as the
statistical information of the dynamic system (6), but not
future workload values. This is analogous to a gambler
engaged in a series of games. The gambler cannot foresee
(or predict) his or her future. As a result, his or her decision
is based only on the information accumulated up to current
time. At each time k, the gambler makes a decision on if he
or she should continue to play or to stop (preserving his or
her accumulated fortune or preventing further loss). His or
her objective is to choose the stopping rule to optimize the
expected fortune.

3.1 Sequential Stopping Time

The search for an optimal sequence fukg can be formulated
as a sequential stopping time problem. Define a random
time � by

� ¼ k if and only if ukðw1; . . . ; wkÞ ¼ 0: ð7Þ

Such a � is nonanticipative (i.e., � � k is completely
determined by observing w1; . . . ; wk). Since it depends only
on the information up to the present, not on the future, � is a
stopping time [13]. Starting at time t ¼ 1, we search for the
first optimal stopping time �1 > 1 at which u�1

¼ 0, namely,
remapping is to be implemented at �1. Then, starting at �1,
the system initial condition is reset to a new value, the
dynamic system is renewed, and the optimal stopping
decision for the second stopping time �2 is pursued, and so
on. Under the assumption that the stochastic behavior of the
workload distribution change is not affected by remapping,
the subsequent remapping time can be found sequentially
in a similar manner. Thus, it suffices to study the first

remapping time. The resulting optimal remapping strate-
gies for a Markov chain in the state space M will be
expressed in an optimal state-dependent form: Find a
stopping set S �M such that uk switches its values when

wk crosses the boundary of S.
The main task of developing an optimal remapping

strategy is now reduced to the formulation of S. To make
this problem nonsingular, we shall assume that the stopping
time is finite with probability one, i.e., � <1 w: p: 1. That is, a
remapping will happen in finite time. Under this framework,
a remapping rule is characterized by a sequence fukg.

The optimal stopping time depends on the workloads up
to the current time and cannot be determined beforehand.
Suppose that fukg is a sequence of decision rules which
control the transition probabilities of the Markov chain. For
each choice of the fukg, the transition probabilities pijðukÞ are
fixed. The family of possible Markov processes, each of which

corresponds to a fixed sequence of controls or decision rules,
is known as a controlled Markov chain. In what follows, we
consider fwkg as a controlled Markov chain.

3.2 Optimal Remapping

To find the optimal stopping rule, we transform the optimal
stopping problem to an equivalent binary decision problem

in which the cost function depends only on the states wk,
i.e., a cost function that depends only on if the workload is
in the stopping set. Subsequently, the workloads are
naturally divided into two disjoint sets, a continuation set
C and a stopping set S satisfying M¼ C [ S. When wk 2 C,
the dynamic system continues to run. If, however, wk is in
the complement of C, namely, the stopping set S, a
remapping is carried out.

Based on this model, the controls become a binary action,
either continuing or stopping (remapping). Consider a
sequence of controls fukg such that uk ¼ uðwkÞ with

uðwÞ ¼ 0; there is a remapping when the state is w;
1; otherwise:

�
ð8Þ

As was alluded to before, the computation is more or less
running an indefinitely long time, the problem under
consideration is then naturally formulated as an infinite
horizon one in which the advantage of dealing with a
“steady state” problem in lieu of a time-dependent problem
is particularly pronounced and the computations involved

are substantially simpler than that of the finite-horizon
counter part.

Let �ðwÞ and �ðwÞ denote the execution time of a step
and the runtime cost for a remapping, respectively, when
the state is in w. The step execution time �ðwÞ is the average
execution time of a step, plus the penalty of load imbalance

 ðwÞ, as defined in (4). Given a workload distribution
w ¼ ð3; 5; 1Þ, we have  ðwÞ ¼ 2 and �ðwÞ ¼ 5. We define a
time-independent cost function as

cðw; uÞ ¼def �ðwÞ; if u ¼ 0
�ðwÞ; if u ¼ 1;

�
ð9Þ

where �ð�Þ and �ð�Þ are some continuous functions. It
follows that finding the optimal remapping time is
equivalent to finding the optimal control that minimizes
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Jðu; iÞ ¼ Ei

X1
k¼1

cðwk; ukÞ; ð10Þ

where Ei denotes the expectation taken with the initial data
w1 ¼ �i. Recall that we have decided to use i, the index of
the state of the underlying Markov chain, to represent the
vector-valued state �i. It is also noted that cðw; uÞ excludes
the execution time  ðwÞ in the case of remapping. This is
because a remapping operation drives the state w into a new
state and the cost of the new state is to be included in the
case of no-remapping.

To facilitate the subsequent theoretical development, we
assume that: The Markov chain fwkg has a finite state space
M, which includes absorbing states 01; . . . ; 0m0

. The inter-
pretation corresponding to our system is that each of these
absorbing states is a balanced state. Every other state has a
positive transition probability to one of the absorbing states.
To illustrate, for example, we suppose that the bulk
synchronous computation is comprised of two processes
and the possible maximum workload value of each process
is b. Then, the states ð1; 1Þ, ð2; 2Þ, . . . , ðb; bÞ are absorbing
states (or balanced states) and all other b2 ÿ b states are
transient, which will eventually be “absorbed” into one of
these absorbing states by using our control strategy.

With the index notation convention, the state space of the
controlled Markov chain can be written as

M¼ C [ S
¼ f1; 2; . . . ;m1g [ f01; 02; � � � 0m0

g;

with m ¼ m0 þm1. For any x 2 M, a control given by (8) is
used. Taking into consideration the decision variables, we
represent the corresponding transition probability matrices
of the controlled Markov chain by P ðuÞ ¼ fpijðuðiÞÞg with

pi0jð0Þ ¼ 1; j ¼ 1; . . . ;m0;
p0j0jðuð0ÞÞ ¼ 1 j ¼ 1; . . . ;m0:

�
That is, if uðiÞ ¼ 0, pi0jðuðiÞÞ ¼ 1 and, regardless of the value
of uð0ðiÞÞ, p0ðiÞ0ðiÞðuð0ðiÞÞÞ ¼ 1. The controlled Markov chain
defined onM represents the process of the actual workload
evolution on M as long as the process continues without
remapping. As soon as a remapping action is taken, the
Markov chain enters one of the absorbing states (or
balanced state). Throughout the paper, assume that P ð�Þ is
a continuous function.

Consider the controls over computations in steps ½0; N �,
for each i 2 M,

Jðu; iÞ ¼ Ei

XN
k¼1

cðwk; ukÞ:

We will rewrite it in a vector form to simplify the derivation of
policy iteration type results. The policy iteration procedure is
a frequently used numerical scheme. It proceeds recursively.
At each iteration, one chooses an improved control policy as
compared to the previous iteration.

Let ukðiÞ denote the control when there are k-units of
time left to go when the state is in i. It follows that
ukðiÞ ¼ uNÿkðiÞ. Denote uk ¼ ðukð1Þ; . . . ; ukðmÞÞ0 and use �k

to denote the collection of controls �k ¼ ðuk; . . . ; u1Þ. We
have that �k ¼ ðuk; �kÿ1Þ ¼ ðuk; ukÿ1; �kÿ2Þ, etc. Denote by

E�k

i the expectation taking with initial w1 ¼ �i and policy �k

being used. We obtain that

Jð�N; iÞ ¼ E�N

i

XN
k¼1

cðwk; ukðwkÞÞ

¼ E�N

i

ÿ
cði; uNðiÞÞ

þ E�N

i

�XNÿ1

k¼1

cðwk; uNÿkðwkÞÞjw1

��
¼ cði; uNðiÞÞ þ E�N

i Jð�Nÿ1; w1Þ
¼ cði; uNðiÞÞ þ

X
j

pijðuNðiÞÞJð�Nÿ1; jÞ:

The derivation is essentially a restatement of Bellman’s
optimality principle (see [2], [8], [12]). The dynamic
programming techniques decompose the problem into a
sequence of simpler minimization problems that are carried
out over the control space rather than over a space of
functions. Loosely, the principle of optimality states:
Suppose that ðu�0; u�1; . . . ; u�nÿ1Þ is an optimal control for the
basic problem. Consider the subproblem in which we are at
state wj at time j and wish to minimize the cost-to-go
function from time j to time n. Then, the truncated control
law ðu�j ; u�jþ1; . . . ; u�nÿ1Þ is also optimal for the subproblem.

Denote

Jð�kÞ ¼ ðJð�k; 1Þ; Jð�k; 2Þ; . . . ; Jð�k;mÞÞ
~PP ðuÞ ¼ ðpijðuðiÞÞ; i; j � 1Þ 2 IRm�m

CðukÞ ¼ ðcð1; ukð1ÞÞ; . . . ; cðm;ukðmÞÞÞb��ðuÞ ¼ ð�ð1Þ; �ð2Þ; . . . ; �ðmÞÞ:

ð11Þ

Note that ~PP ðuÞ is taken from the transition matrix P ðuÞ with
the absorbing states deleted. We rewrite the cost function
Jð�; iÞ in a vector form as

Jð�kþ1Þ ¼ ~PP ðuÞJð�kÞ þ CðuÞ: ð12Þ

For the controls over an infinite horizon ½0;1Þ, using the
idea of cost function expansion, we can write it in terms of
the stopping rule as Jð�Þ with

Jð�Þ ¼ ~PP ðuÞJð�Þ þ CðuÞ: ð13Þ

Equation (13) implies a policy iteration procedure. Its
fixed point is an optimal control. In the following, we
analyze the optimality of the control. We often write � as �u
in what follows to signal the stopping time depending on
the control u.

4 OPTIMALITY AND POLICY ITERATION ALGORITHM

There are three key issues associated with the optimal
control (13), namely, the necessary and sufficient conditions
for optimality, the existence of optimal controls, and
algorithms for obtaining the optimal control. The rest of
this section will be devoted to resolve each of these issues.
The development follows closely the methodology of
Kushner [12]. The main assumptions to be used are:

(A) Assume the Markov chain fwkg has a finite state
M that contains absorbing states 01; 02; . . . ; 0m0

. There
exists a 0 < c0 < 1 and l � m1 such that the l-step
transition probability
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Xm0

j¼1

p
ðlÞ
i0j
ðu; u; . . . ; uÞ � c0 > 0 ð14Þ

for each u and each i.
Note that p

ðlÞ
ij ðu; . . . ; uÞ denotes the l-step transition

probabilities with control policy ðu; . . . ; uÞ used. Condition
(A) indicates that, for some l, the l-step transition prob-
ability from any state i to the set of absorbing states is
strictly positive. In remapping, this merely states that the
optimal remapping should result in a strategy in which at
least one remapping will occur at a finite time with a
positive probability. Otherwise, the optimization problem
does not have a finite solution.

4.1 Optimality

This section gives criteria of optimality for remapping.
Some of the important questions to answer are: What
conditions should the optimal cost satisfy? How can one
check and determine if optimality is reached? We present
such results here and provide necessary and sufficient
conditions for the optimal cost.

The technical developments rely on the properties of the
cost function. We shall use the idea of contraction mappings
to carry out the discussion. Recall that a linear operator T is
a contraction if jT j < 1. If T is a contraction, its eigenvalues
are strictly inside the unit circle and the equation x ¼ Txþ b
for a given constant b has a unique solution.

Lemma 4.1. Under (A), corresponding to the transition

probability matrix P ðuÞ of the controlled Markov workload

process, ~PP
m1ðuÞ is a contraction uniformly in u andQm1

j¼1
~PP ðujÞ is a contraction uniformly in uj; j � n. In

addition,

Yn
j¼1

~PP ðujÞ ! 0 as n!1 ð15Þ

uniformly in uj, j � n.

Proof. To prove the first assertion, we note that, for each u,
by virtue of (A),

j ~PPm1ðuÞj ¼ max
i

X
j�1

p
ðm1Þ
ij ðu; . . . ; uÞ

¼ max
i
½1ÿ

Xm0

j¼1

p
ðm1Þ
i0j
ðu; . . . ; uÞ�

� 1ÿ c0 < 1:

Moreover the bound holds uniformly in u. Thus, ~PP
m1ðuÞ

is a contraction uniform in u. Next consider
Qm1

j¼1
~PP ðujÞ.

Since the product contains only finitely many terms,
choose ~uu such that

max
uj

����Ym1

j¼1

~PP ðujÞ
���� � �� ~PP

m1ð~uuÞ
��:

Condition (A) and the preceding proof yields that ~PP
m1ð~uuÞ

is a contraction and����Yn
j¼1

~PP ðujÞ
���� � ���� ~PP

m1ð~uuÞ
����

� 1ÿ c0 < 1;

ð16Þ

and the bound holds uniform in uj, j � n. Thus,Qm1

j¼1
~PP ðujÞ is a contraction uniform in uj with j � n. In

fact, it can be verified that j
Qð‘þ1Þm1

j¼‘m1þ1
~PP ðujÞj � 1ÿ c0 by

using the same techniques. Thus,

a‘þ1 ¼def

���� Yð‘þ1Þm1

j¼1

~PP ðujÞ
����

�
���� Yð‘þ1Þm1

j¼‘m1þ1

~PP ðujÞ
��������Y‘m1

j¼1

~PP ðujÞ
����

� ð1ÿ c0Þa‘
� ð1ÿ c0Þ‘a1

! 0 as ‘!1:

That is,
Q‘m1

j¼1
~PP ðujÞ ! 0 as ‘!1. Finally, for any n,

there is an ‘ such that, as e! 0,����Yn
j¼1

~PP ðujÞ
���� ¼ ���� Yn

j¼‘m1þ1

~PP ðujÞ
Y‘m1

j¼1

~PP ðujÞ
����! 0:

Thus, (15) follows. tu
The purpose of this lemma is to prepare us for studying

limit behavior of the cost and optimality. The above results

ensure that, under the boundedness of the state space of the

Markov chain and (14), the transition matrices eventually

diminishes in the long run. The rational, is that, by looking

at definition in (11), ~PP ðuÞ essentially represents the

transition probabilities of the transient states. Next, it is

natural to ask: Will the cost be finite? We have formulated a

stopping rule problem, but do such desired stopping rules

really exist? If the stopping time is not finite, then the result

will be useless. In what follows, we show that the cost, in

fact is finite, together with the existence of finite stopping

time.

Lemma 4.2. Suppose (A) holds. Then,

1. The expected stopping time Ei�u, for any initial state i,
is finite. Ei�u <1.

2. There is a unique solution to

J ¼ ~PP ðuÞJ þ CðuÞ; ð17Þ

and the solution is bounded.

Proof. By virtue of (A), the proof of [12, Theorem 8, p. 120]

implies that Ei�u <1 for each i. Thus, 1 holds.
In view of the definition of the running cost

function, for each i 2 M (recall the index convention),
�ðwÞ � K1 for some K1 > 0. So, the running cost is
finite for each i. According to [12, Theorem 8, p. 120],
Ei�u <1 and the finite running cost for each i lead to
that there is a unique uniformly bounded solution of
(17). The lemma is thus proven. tu
The above two lemmas prove the regularity of the cost

function defined in the preceding section. We are now in a
position to provide necessary and sufficient conditions for
the optimal cost.

Propostion 4.3. Assume that (A) is satisfied. Let u� be a
remapping control strategy and Jð�uÞ ¼ J be a uniformly
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bounded vector-valued cost function. The control u� is optimal
if and only if

J ¼ min
u
½ ~PP ðuÞJ þ CðuÞ�

¼ ~PP ðu�ÞJ þ Cðu�Þ
¼ minðb��; ~PP ðuÞJ þ CÞ;

ð18Þ

where, for a vector v, minðvÞ is taken component-wise.

Remark 4.4. The first line of (18) merely indicates that if J is

the minimal cost, it must be a solution of this equation.

The second line makes it clear that u� is the optimal

remapping rule. The last line of (18) is a restatement of

Bellman’s principle of optimality. One compares the cost

of remapping with b�� defined in (11) with that of

continuing job processing and picks out the smaller

one between these two alternatives.

Proof. This result gives a necessary and sufficient condition
for optimality. We concentrate on the first two lines of

(18). Iterating on

J ¼ ~PP ðu�ÞJ þ Cðu�Þ

leads to

J ¼ ~PP
nðu�ÞJ þ

Xnÿ1

j¼0

~PP
jðu�ÞCðu�Þ:

By virtue of Lemma 4.1, ~PP
nðu�Þ ! 0 and Ei�u� <1. It

then follows that J ¼ Jð�u� Þ. For any control u with a
finite cost, ~PP

nðuÞ ! 0. By using the first line of (18),

J � ~PP ðuÞJ þ CðuÞ � ~PP
nðuÞJ þ

Xnÿ1

j¼0

~PP
jðuÞCðuÞ ! Jð�uÞ;

so u� is optimal.
To prove the converse, suppose J is an optimal cost

and u� is the corresponding optimal control, but (18)
does not hold. By Lemma 4.2, J is uniformly bounded.
Suppose that there is a control u with finite cost such that

J � ~PP ðuÞJ þ CðuÞ

and there is at least one component i0 for which the strict
inequality holds. Again, iterating on the above inequal-
ity, yields that

J � ~PP
nðuÞJ þ

Xnÿ1

j¼0

~PP
jðuÞCðuÞ ! Jð�uÞ

and J > Jð�uÞ. This, however, contradicts the optimality.
Finally, if we start at state i, we can either stop and

pay a cost �ðiÞ or continue and pay an average cost
EiJðw1Þ: The minimal cost is the smaller of these two.
Thus, the last line (18) follows. tu

4.2 Existence of Optimal Control

Proposition 4.5. Assume (A). Then, there is a unique solution to
(18) and the optimal remapping solution is given by the
solution of (18).

Proof. Suppose that there are two solutions J and ~JJ to (18)

with the corresponding controls u and ~uu. Then,

J ¼ ~PP ðuÞJ þ CðuÞ � ~PP ð~uuÞJ þ Cð~uuÞ
~JJ ¼ ~PP ð~uuÞ ~JJ þ Cð~uuÞ � ~PP ðuÞ ~JJ þ CðuÞ:

This implies that ~PP
nðuÞðJ ÿ ~JJÞ � ~PP

nð~uuÞðJ ÿ ~JJÞ: Since
~PP
nðuÞ and ~PP

nð~uuÞ are contractions, by Lemma 4.1, we
must have J ¼ ~JJ and the uniqueness is obtained.

In view of Propostion 4.3, it suffices to show that there

is a minimal cost J and control u� such that the second

equality in (18) holds. Suppose that �u and �~uu are two

stopping rules corresponding to the controls u and ~uu,

respectively. Lemma 4.2 implies that Ei�u <1 and

Ei�~uu <1. As in [12], it can be shown that there is a

control v such that Jð�vÞ � minðJð�uÞ; Jð�~uuÞÞ. Define �n ¼
�v ^ n and denote the corresponding control by uðnÞ.
Then, it is easily seen that �n is a sequence of stopping

times. It follows that �n ! � , uðnÞ ! u, and w�n ! w� as

n!1 w:p: 1 because

Jð�n; iÞ ÿ Jð�; iÞ ¼ Ei
X�nÿ1

j¼1

c wj; u
ðnÞ

� �
ÿ
X�ÿ1

j¼1

cðwj; uÞ
" #

þ Eið�ðw�nÞ ÿ �ðw� ÞÞ:

The dominated convergence theorem then implies that
the right-hand side of the above equation goes to 0 and
hence, Jð�n; iÞ ÿ Jð�; iÞ ! 0 as n!1. tu

4.3 Policy Iteration Algorithm for Optimal
Remapping

It is of foremost importance to have a feasible computa-
tional procedure that enables us to obtain the optimal
control. We use the idea of policy iteration in stochastic
control theory; see [2], [12] for details.

The Policy Iteration Algorithm. The algorithm is fairly
simple.

. Initialization step: Choose V 0 as an arbitrary and
uniformly bounded vector.

. Iteration step: Construct the approximation at step
nþ 1 by

V nþ1 ¼ min
u

�̂�ðuÞ; ~PP ðuÞV n þ CðuÞ
ÿ �

: ð19Þ

The algorithm given above is known as policy iteration
procedure for obtaining an optimal policy starting with an
arbitrary policy. In a typical iteration of this algorithm,
given a control policy u and the corresponding cost CðuÞ,
one obtains an improved policy satisfying (19). The new
policy is strictly better if the current policy is nonoptimal.

Proposition 4.6. The iteration given by (19) is stable and, as

n!1, V n converges to the minimal cost at a geometric rate.

Proof. An equivalent form of (19) can be written as

V nþ1 ¼ min
u
ð ~PP ðuÞV n þ CðuÞÞ:

Let u be the optimal control satisfying (18) and uðnÞ be the
nth iterate of the control corresponding to (19). Then, by
the optimality,

~PP ðuðnÞÞV n þ CðuðnÞÞ ¼ V nþ1 � ~PP ðuÞV n þ CðuÞ
~PP ðuÞJ þ CðuÞ ¼ J � ~PP ðuðnÞÞJ þ CðuðnÞÞ:

ð20Þ
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Taking the difference of the above two inequalities leads to

~PP ðuÞðJ ÿ V nÞ � J ÿ V nþ1 � ~PP ðuðnÞÞðJ ÿ V nÞ:

Iterating on the above inequalities yields

~PP
nþ1ðuÞðJ ÿ V 0Þ � J ÿ V nþ1 �

Yn
j¼0

~PP ðuðjÞÞðJ ÿ V 0Þ; ð21Þ

where

Yn
j¼0

~PP ðuðjÞÞ ¼ ~PP ðuðnÞÞ ~PP ðuðnÿ1ÞÞ � � � ~PP ðuð0ÞÞ:

By virtue of Lemma 4.1,
Qn

j¼0
~PP ðuðjÞÞ ! 0 as n!1.

Therefore, as n!1, both the left-hand side and the

right-hand side of (21) go to 0. The desired result follows.
The convergence rate of the iterative process can be

easily seen from the structure of ~PP ðuÞ. Note that the

transition probabilities collected in ~PP ðuÞ are those for the

transient states. Thus,

X
j�1

pnijðu; . . . ; uÞ ¼ 1ÿ
Xm0

j¼1

pni0jðu; . . . ; uÞ � 1ÿ c0:

Note also that ~PP
nðuÞ ¼ ðpnijðu; . . . ; uÞ; i; j � 1Þ is the n-step

transition matrix with control policy ðu; . . . ; uÞ used. The

contraction properties then imply that the rate of conver-

gence is geometric. tu
We note that each iteration involves a “policy evalua-

tion” step whereby, given a control policy u, we obtain the

corresponding cost vector JðuÞ by solving the system of

(19). This step can be time-consuming when the number of

states is large. Previous studies have shown that parallel

implementations for linear equations can reduce the time

complexity of each policy iteration step to as little as OðnÞ
when Oðn2Þ processors are used [3]. Under these circum-

stances, the policy iteration algorithm can be attractive since

it typically requires few iterations for termination.

5 AN EXAMPLE

In this section, we present a concrete example to illustrate

the optimal remapping strategy. For succinctness in

presentation, we consider a computation comprised of

two parallel processes and assume that the maximum

process workload wimax ¼ 5. The optimal remapping strat-

egy is readily applicable to large scale systems and large

workload state spaces because of its extremely low time and

space complexities.
Assume that the workload at each process changes in a

random walk model

wikþ1 ¼ wik þ �k

and that the workload change at each step follows

distribution functions

�k ¼
1; w:p: 0:5;

0; w:p: 0:5;

8><>: if wik ¼ 0;

�k ¼
ÿ1; w:p: 0:5;

0; w:p: 0:5;

8><>: if wik ¼ wimax;

�k ¼

1; w:p: 0:25;

0; w:p: 0:5;

ÿ1; w:p: 0:25;

8>>>>>><>>>>>>:
otherwise:

ð22Þ

This computation model can be characterized by a
Markov chain over a state space

M¼ fði; jÞji; j 2 f0; 1; 2; 3; 4; 5gg;

where states ði; iÞ for i ¼ 0; 1; . . . ; 5, are the absorbing states.
Whenever the computation gets into one of the states, the
computation starts anew or terminates. From the distribu-
tion functions (22), we obtain a transition matrix P ¼
ðpði1;j1Þ;ði2;j2ÞÞ36�36 of the Markov chain and

pði1;j1Þ;ði2;j2Þ ¼ pi1;i2 � pj1;j2
:

For example,

pð1;2Þð2;2Þ ¼ p1;2 � p2;2 ¼ 0:25� 0:5 ¼ 0:125:

The vector-valued state space defined by the distribution
functions is shown in Fig. 3. It is in the structure of two-
dimensional grids. In general, the state space of a Markov
chain workload evolution model for a computation with r
processes is in the structure of r-dimensional grids. It is the
diagonal state transitions that distinguishes this model
from the multiple Markov chain model in [20]. The
transitions indicate that the next state of a process depends
on its current workload as well as the others.

Assume that the grid points are numbered in a row-
major fashion from left to right and from top to bottom. We
obtain a transition matrix over the total number of 36 states
as a direct product of two tridiagonal matrices:

P ¼ 1

8

2Q 2Q
Q 2Q 2Q

Q 2Q Q
Q 2Q Q

Q 2Q Q
2Q 2Q

0BBBBBB@

1CCCCCCA ¼
1

8
Q
Q;

where Q
Q is the Kronecker product of two matrices, and

Q ¼

2 2
1 2 1

1 2 1
1 2 1

2 2

0BBBB@
1CCCCA:

By the definition of ~PP ðuÞ in (11), we cross out the rows
and columns corresponding to the absorbing states from P
and obtain a transition matrix of the controlled Markov chain
without remapping, ~PP ð1Þ. Note that ~PP ð1Þ is essentially the
transition matrix between imbalance states. A remapping
control (i.e., u = 0) in the controlled Markov random process
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transforms any transient (imbalance) state to an absorbing
(balanced) state. Hence, the assumption (A) holds. We
simply set the remapping transition matrix ~PP ð0Þ to a
uniform matrix 1

36U , where U ¼ ðuijÞ30�30 and uij ¼ 1. The
scaling factor 1

36 is due to the fact that the controlled Markov
chain contains six absorbing states out of a total of 36 states
and that any transient state has a probability of 5/6 to
remain in the transient set.

Next, we define the penalty of load imbalance � and
remapping cost �. Since the duration of each computation
step is determined by the most heavily loaded process, we
set the penalty to jiÿ jj=2 for a state ði; jÞ. The remapping
cost is an application dependent factor. It is measured
relative to the load imbalance penalty.

Given the bulk synchronous computation settings in this
example, we experimented with the policy iteration algo-
rithm (19), assuming different remapping costs. Fig. 4
shows the remapping decisions. Shadowed states refer to
those that would benefit from remapping. From this figure,
it can be seen that the remapping decisions are highly
accurate. For example, in Fig. 4a, where the remapping case
� ¼ 1, any load distribution with a difference of two or more

workload units deserves a remapping. With the increase of
remapping cost, fewer and fewer states deserve a remap-
ping. When the remapping cost goes beyond a certain
number, the computation should never carry any remap-
ping. This is in agreement with past practical experience in
the literature. Fig. 4c also reveals that state (4, 1) has more
potential benefits from remapping than the boundary states
(3, 0) and (5, 2), although they have the same cost. States (3,
0) and (5, 2) have higher probabilities of evolving into more
balanced states.

In order to illustrate the time efficiency of the algorithm
(19), we plot in Fig. 5 the number of iterations required to
reach a remapping decision versus the remapping cost. It is
expected that, as the remapping cost increases, the algo-
rithm would need to look forward to more steps for making
a good tradeoff between the cost and potential benefits and
the number of iterations would increase accordingly. In any
case, the algorithm terminates quickly in tens of iteration
steps. This confirms the geometric convergence rate of the
algorithm.

Finally, we point out that the policy iteration algorithm
is based on a vector-valued load state space. The prob-
ability transition matrix P in this example is a block
tridiagonal matrix of size 62 � 62. It consists of three
consecutive diagonals composed of matrix blocks along
the principal diagonal. The block diagonals are tridiagonal
matrices and each contains at most six nonzero entries. In
general, for a computation with r processes and assuming a
maximum of m workload units per process, the transition
probability matrix of its Markov chain is of size mr �mr. It
is a block r-diagonal matrix. That is, there are r block
diagonals adjacent to the principal diagonal on each side. It
is represented by direct product of a sequence of block
diagonals. Since each block diagonal is a tridiagonal matrix
and of size m, the storage complexity of the algorithms can
be reduced to OðmÞ.

6 CONCLUDING REMARKS

In this paper, we have proposed and developed a novel

remapping strategy for dynamic bulk synchronous compu-

tations whose workload changes can be modeled as a

Markov chain. The use of Markovian model allows us to
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Fig. 3. Vector-valued state space of a random walk computation model.

Fig. 4. Remapping decisions under different remapping cost models. (a) cost = 1, (b) cost = 2, 3, 4, (c) cost = 5, 6, (d) cost = 7, 8, 9, and (e) cost =
10, 11, 12, 13.



treat statistical dependence and more complex structure

than the usual independent identically distributed random

variable assumptions. Our models are quite general and we

do not need to impose conditions on the dynamics of the

underlying process other than the transition probability

matrix. Optimal remapping can be formulated as a binary

decision process: remap or not at a given synchronizing

instant. We have developed the optimal invocation polices

for long lasted computations by employing optimal stop-

ping rules in a stochastic control framework. The existence

of optimal controls is established. Necessary and sufficient

conditions for the optimality are obtained. We have also

devised a policy iteration algorithm to reduce computa-

tional complexity and enhance fast convergence to the

desired optimal control.
In this paper, we mainly treated the case that the

transition matrix is known. What if this information is not
available? In practice, relative frequency and/or history of
the workload may be used to identify or estimate the
transition matrix. Another technique is known as adaptive
control, which has an ingredient to replace the true
parameter by its estimate at each step to update the
control action. A more sophisticated technique is moti-
vated from machine learning, known as Q-learning (see
[13] and the references therein). Suppose that the system
can be observed or measured under any choice of actions
(either continuing the computation or stopping and
remapping). The algorithm involves recursive estimation
of the so-called Q-function Qði; dÞ (the cost given that we
start at state �i and action d is taken). The estimate of
Qði; dÞ turns out to be much simpler than the estimation
of the transition probabilities.
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