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Robust Hovering Control of a PVTOL Aircraft

Feng Lin, Member, IEEE,William Zhang, and Robert D. Brandt

Abstract—We study robust hovering control of vertical/short moment). It is this mode of flight that we concentrate
takeoff and landing (V/STOL) aircraft. For hovering control, on in this paper.

we can model a V/STOL aircraft as a planar vertical takeoff . .
and landing (PVTOL) aircraft. We use a recently developed V€ US€ an optimal control approach [6]-{13] to design the

optimal control approach to design a robust hovering control. The fobust control law for the Harrier jet-borne maneuver. The re-
resulting control is a nonlinear state feedback whose robustness sulting control law has excellent performance as demonstrated

is demonstrated by numerical simulations. by simulations in Section V.

Index Terms—Aircraft, hovering control, nonminimum phase, We will first present the optimal control approach in the
optimal control, Riccati equation, robust control, V/STOL air- next section. We will then model the aircraft in Section IlI
craft. and design a robust control in Section IV.

|. INTRODUCTION Il. PRELIMINARY

VERTICAL/SHORT takeoff and landing (V/STOL) air- We first present a result obtained in [12] that serves as the
Acraft, such as the Harrier (YAV-8B) produced by Mcliheoretical base of our approach. We consider the system given
Donnell Douglas [14], is a highly maneuverable jet aircrafy
The Harrier is powered 'by a sipgle turbo-fan engine with & = A(z) + B(z)u + C(z)D(x)u
four exhaust nozzles which provide the gross thrust for the
aircraft. These nozzles (two on each side of the fuselagehere D(x) is the uncertainty and’(x) # B(z) so the
are mechanically slaved and have to rotate together. Thegtching condition is not assumed. We will assume that0
can move from the aft position forward approximately 400is an equilibrium @(0) = 0). We would like to solve the
allowing jet-borne flight and nozzle braking. Therefore, thi®llowing.

Harrier has two modes of operations, in addition to the Robust Control Problem:Find a feedback control law =
transition between the two modes. up(z) such that the closed-loop system
1) Wing-borne foryvard flight as a fixed-wing jet aircraft: In i = Alz) + B(x)uo(z) + C(@)D(x)uo(z)

this mode of flight, the four exhaust nozzles are in the

aft position. The control is executed by the conventionéd globally asymptotically stable for all uncertaintié3(x)

aerodynamic control surfaces: aileron, stabilator (fauch that||D(z)|| < Dumax(z) for someDi,.x(z).

stabilizer-eleator), and rudder for roll, pitch, and yaw Sincew will be a function ofz: v = ug(z), we can view
moments, respectively. (For a survey of wing-borng(x) = D(z)uo(x) as uncertainty and guess its bound

flight control, see [5].)

2) Jet-borne maneuvering (hovering): In this mode, the four IF @] < gmax(x),
exhaust nozzles are in the forward position, allowing the | B(x)TC(x) f ()| <||B(2)* C(2)|| gumax(x)

thrust to be directed vertically. In addition to the throm‘?/vhereJr denotes the (Moore—Penrose) pseudoinverse

a][‘d nozzlle contrqls, the Hellrnelr also ut|I|ze§ another Sel|nstead of solving the above robust control problem directly,
of controls (reaction control valves) to provide momenf,o will solve the following.

generation. Reaction control valves (called puffers) in
the nose, tail, and wingtips use bleed air from the high-
pressure compressor of the engine to produce thrust i = A(z) + B(x)u+ (I — B(z)B(z)T)C(z)v

at these points and therefore moments (and forces L
at the aircraft center of mass. Lateral motion contrigﬁgtaﬂjiiggﬁgr control lauo(z), vo(x)) that minimizes the

Optimal Control Problem: For the auxiliary system

is accomplished through roll attitude control (rolling
(IB@)*C@)? + p°)gmax(x)” + B2{|2]1* + ||ul®
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the aircraft as a rigid body. From Fig. 1, we can have the

Y following dynamic model of the PVTOL aircraft:
u —mY = — U, sin ¢ + ol cOS ¢ (1)
‘ —mZ =U, cos ¢+ Uy, sin ¢ — mg (2)
\ ey, Jb=U,, 3)
/ﬂ where mg stands for the gravitational force exerted on the
—— aircraft center of mass and is the mass moment of inertia

about the axis through the aircraft center of mass and along
the fuselage.

l For simplicity, we scale this model by dividing (1) and (2)
mg by mg, and (3) by.J, to obtain
Z d? |:—Y/g:| _ |:—Sill(/) cos (/):| Uf]/(mg) n |: 0:|
2| — = i €0 _
Fig. 1. PVTOL aircraft. dt Z/g cos ¢ sin ¢ m—gUm/J 1
¢=Upn/J.
Theorem 1:If one can choosey, 8, and gu.x(z) such .
that the solution to the optimal control problem, denoted Let us define
by (uo(z), vo(x)), exists and the following conditions are [x} _ [—Y/g}
satisfied: y —Z[g
i U /(m
262 oo < 3 ol ] =) @

| D(@)uo(@)))?* < gmax(z)?,  VzeR" »
In addition, from now on, we replacg .J/(mg) by e. Then
for some/’ such thai3’| < |3|, thenuo(z), theu-component the rescaled dynamics becomes

of the solution to the optimal control problem, is a solution to . .
the robust control problem. [ | [ﬂ = [_Sm ¢ cos ﬂ [ e } [ 0}
We will apply this theorem to design a robust hovering 4 . cos ¢ sin ¢ | | €um -1
control for V/STOL aircraft. ¢ =Um. (5)

Obviously, at steady state,, = U;/(mg) = 1, i.e., the
I1l. M ODELING AND FORMULATION thrust should support the aircraft weight to keep it steady.
Since we are interested in control of jet-borne maneuverNext, we analyze the internal stability of system (5) by
(hovering), we consider a prototype planar vertical takeoff ah@oking at its zero dynamics. The zero dynamics of a nonlinear
landing (PVTOL) aircraft. This system is the natural restrictioystem are the internal dynamics of the system subject to the
of a V/STOL aircraft to jet-borne maneuver in a vertical-lateraionstraint that the outputs (and, therefore, all derivatives of the
plane. This prototype PVTOL aircraft as shown in Fig. 1 hagutputs) are set to zero for all timfé=or our PVTOL system,
a minimum number of states and inputs but retains many ibfe outputs are the position of the aircraft center of mass,
the features that must be considered when designing con@ot », and the internal state is the rolling angleand its
laws for a real aircraft such as the Harrier. The aircraft statedsrivative ¢.
simply the positionY’, Z, of the aircraft center of mass, the In (5), the matrix operating on the controls is nonsingular
roll angle, ¢, of the aircraft, and the corresponding velocitiegparely—its determinant is-¢!). Therefore, fore # 0, con-
Y, Z, ¢. The control inputs{/; andl,, are, respectively, the straining the outputz, ») and their derivatives to zero results
thrust (directed out the bottom of the aircraft) and the rollinig
moment about the aircraft center of mass. u cos ¢
In the Harrier, the roll moment reaction jets in the wingtips { } = |:Sin (/)/J-

create a force that is not perpendicular to tebody axis.
Thus, the production of a positive rolling moment (to thdhen, the zero dynamics of (5) are given by
pilot's left) will also produce a slight acceleration of the . sin ¢
aircraft to the right. As we will see, this phenomenon makes ¢ = - (6)

the aircraft nonminimum phase. Let > 0 be the small ) is simplv th ‘ . ¢ d d
coefficient giving the coupling between the rolling momen Equation (6) is simply the equation of an undamped pen-

and the lateral force;ol/,,,, on the aircraft. Note thaty > 0 ulum. It has two sequences of equilibria. One sequence is

means that applying a (positive) moment to roll to the piIot’EnStable and the other is stable but not asymptotically stable.
left produces an acceleratiomU,,, to the right Nonlinear systems, such as (5), with zero dynamics that are

In the modeling of the PVTOL aircraft, we neglect an)mt asymptotically stable are called honminimum phase.
flexure effect in the aircraft wings or fuselage and considerFor detailed discussions on zero dynamics, see [1] and [3].

urn
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Based upon this fact, it was shown in [2] that the trackintpe rolling momentu,. It is required that the aircraft altitude
control designed through exact input—output linearization gfhas very small deviation from the desired altitude. Through
the PVTOL system (5) can produce undesirable results (ghis substitution,y is no longer directly perturbed by and
riodic rolling back and forth and unacceptable control lawR) to make the velocity vectofz, ¥, d)), acceleration vector
The source of the problem lies in trying to control modeg, i, ¢), and the new controfu;, u2) go to zero at steady
of the system using inputs that are weakdy ¢oupled rather state.
than controlling the system in the way it was designed to For convenience, we introduce the six-dimensional state
be controlled. As pointed out in [2], for the PVTOL aircraftyector
we should control the linear acceleration by vectoring the o
thrust vector (using the rolling momertt,,, to control this X = [ }
vectoring) and adjusting thrust magnitude using the throttle
(). with z; = [z, y, ¢|T andz, = [&, ¥, $|T. Furthermore, we

Based on the above discussion, we formulate the robuktfine the following matrices:
control problem as follows: to design the control law which

can accomplish the jet-borne lateral motion (hovering), say Al¢) = cosS;)n—d)l]
fromz = 1, or—1tox = 0. This control law has to be robust
with respect to the variation of the coupling parameter

From the practical point of view, any acceptable control —sing 0
design should satisfy the following requirements. B(¢)=| cos¢ (1) i

1) The PVTOL aircraft altitudes(¢), in the hovering mode, L0

should have very small deviation from the prespecified =
altitude, sayy = 0. Vertical takeoff and landing aircraft C(¢) = cos ¢
are designed to be maneuvered in close proximity to the 8

ground. Therefore it is desirable to find a control law -
that provides exact tracking of altitude if possible.  Then (8) and (9) can be written as
2) u; > 0, becausd/; = mgu, is the thrust directed out
to the bottom of the aircraft. Vectoring of the thrust is 1 = A(¢p) + B(¢) [ul} + C(p)eus
accomplished through the rolling momefit,,. Y2
3) |¢| < «/2, because most V/STOL aircraft do not haver, equivalently,
a large enough “thrust to weight ratio” to maintain level i 2 0 s 0
flight with a large roll anglep. LU } = [AWJ)} + [B(@} [u } + [CW))}W' (20)
4) Large control inputs are not acceptable because of the 2 2
limitations on the maximum thrust and rolling moment This is the type of system studied in Section Il. So we can
generated by bleed air from the high-pressure compremw use Theorem 1 to solve this robust control problem. We
sor of the engine. view f(x) = eu(x) as uncertainty and gueg (x)|| < &||x|]
Any control law which violates one of the above foufor somek > 0. That is, we tak@uax(x) = k[/x||. To obtain
requirements should be rejected. In the next section, W& corresponding optimal control problem, we define
will seek a robust control law which satisfies the above . 0
requirements using the optimal control approach. B = [B(d))}

~ 0
IV. CONTROL DESIGN FORJET-BORNE HOVERING C= {Cw))}

As the first step toward the robust control design for jeéince
borne hovering of the PVTOL aircraft, we make the following

control substitution, which is obviously one-to-one: BYB = B(¢)' B(¢) = Lrxa
|:ut } _ [1 —€ tan d)} [1 —Hu} (7) e immediately know
T B =(BTB) BT = B
Hence, the scaled model (5) becomes B(p)yt =(B(¢)'B(¢)) ' B(¢p)* = B(¢)*.
€
B _ | —sing | [=sing Ofur | oo, o Therefore
Y cos p—1 cos ¢ O] |ue 0 s 0
Iswg — BBT)C =
@ Lo BECS - Bo)BOTICW)
¢ =uz. (9 with
The objective of making the above control substitution is T cos ¢
of two-fold: 1) to make the aircraft altitudg(¢) independent (Isxz — B(¢)B(¢)" )C(¢) = |sin ¢

of ¢ and hence independent of the lateral force generated by 0
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Hence, the dynamics of the optimal control problem are " 0 U10
[wl} Al@)]  [T(9)
T2

U20

[ 2o 0 wy 0 Let us now assume thatwill vary in a small neighborhood
= _A(d))} + [B((/))} [UJ + [(_] _ B(¢)B(¢)T)O(¢)}U of zero, so that we can lineariz&(¢) around 0
[z [0 0 0 0 0 —1] [z
Y 0 0 0fr, AP~ |0 0 0] |y| = Aoz,
|9 Y 0o o} 00 ol
—sin ¢ —sin¢ cos¢ O )
cos ¢p—1 cos¢p sing 0 2 and hence
L 0 L O 0 1
T2 | O D (14)
or A(¢) Ag 0] |x2
i1 [ 2y 0 U1 Notice that this is the only approximation we make in the
i | A(9) + T(¢) v (11) process of solving the optimal control problem.
) 2 Taking the partial of (13) with respect to the control vector
where gives
—sin¢ cos¢ O u10
T(¢p)=| cos¢ sing 0. [vo ] =110, T(¢)]Va. (15)
0 0 1 U
It is not 0_”?‘“0“"_ to see the following. _ Through substituting (14) and (15) into (13) and using
Plroposmon 1: The matrixT'(4) is symmetric and orthog- pyqnqsition 1, the Hamilton—Jacobi-Bellman equation reduces
onal, i.e.
l ’ to
T(¢)" =171 (p) = T(9)- 0 0 0 I
W+ leal?) = V2|0 G| v v o ]
Proof: Elementary. [ | 0
To derive the cost function for the optimal control problem, I 2 N
let us recall the requirement thpt| < = /2. In other words, Z2 )
X < b, .
we can fmd(} <~¢° < /2 such thatjg| < go. Therefore In order to solve forV” from the above equation, we make
|IBTC|? = || B(¢)Y'C(¢)|* < tan? ¢o. the guess that is of the form
Hence, the cost functional of the optimal control problem is V(x) =xTQx

of the form
with @ being certain 6x 6 positive definite matrix. Then it

/ ((|BYON? + pH)g2rax + B2I1xI1% + Jull? + A2|lv]*) dt  is easy to see thaf) satisfies the following “Riccati type”
0 : .
oo equation:
— s 2 /{}2 2/{}2 32 2 2 2
| (s gk 202 + Bl + o)+ o peal? 15[ ol oo ao
+u3 + p*o?) dt. (12) Ao 0 Ap O 0 I|°~
In order to be able to solve this (nonlinear) optimal contralthere P = w?Is.s. A positive definite solution of this
problem analytically, we take = 1. Note that wherp = 1, “Riccati type” equation exists and is unique. In terms of this

tan? pok? + p?k? = tan? pok? + k% = k?/ cos? ¢o. solution@, the solution to the optimal control problem is given
By the Hamilton—-Jacobi—Bellman equation by
: 2 2 2 2 2 2 2 2 U0 X1
Jmin | (k7/ cos™ go + A7)([[2a[° + lle2]|P) +uf + 0% +u vo | = —10, T(d))]Q[ } 17)
o 20 2
vy x| 0 121 —0 From the definition off'(¢), it is easily seen that while;
z | A(9) T(¢) s o andwv, are nonlinear feedback contraly is indeed a linear

feedback and hence is linearly bounded. This implies that our
we know, if we let(wu;q, vo, u20) be the optimal solution and guessg.,.(x) = k||x|| is valid. By Theorem 1, the sufficient

denotew? = k?/cos® ¢o + 32, then conditions that guarantee the above solution is a solution to
2 the robust control problem of (10) are
U1o
w? (||| 4 [lz2l?) + [vo ] 2||voll* < B%[Ix|1?
120 [lewso||* < & |||
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time response for epsilon=0.0 x10™?
1 10
£ -~ 5
x > 0
0 -5
o ., 50 100 0 50 100
x 10 .
10 t (sec.) t (sec.)
s
°
2o0
]
-5
o 50 100 3
4x10 t (sec.) 4'x10
2 2
- Al
3 3
0 ot
) -2
0 50 100 0] 50 100
t (sec.) t (sec.)

Fig. 2. Response of the translated system doe= 0.

If we takek = 2, 8 = 2, ¢9 = 35°, and definew? = V. SIMULATION

K/ cos® o + 32, thenw = (k?/ cos® gy +4%)"/2 =10. The  \ye will first simulate the following translated system (8),
solution to (16) is shown in (17a) at the bottom of the Pagfe) using the control law in (18):

Hence

€
RS AN AR
u = — sin ¢(3.1623 — 0.9976¢ + 4.0385: — 0.12326 gl leoso—1 cos ¢ 0] [u 0
+ cos ¢(3.1623y + 4.04047) ¢ =wus.
up = — 0.0023z + 3.3166¢ — 0.12322 +4.0765¢.  (18) We take the initial conditions
z(0) =1
Finally, using (7) and (4) we can obtain the thrust and rolling ¥(0) =0
moment as follows:
$(0) =0
£(0) =0
Ut :mg(l + ulo) — 60J tan ¢UQO .T( )
_ 9(0) =0
lfrn = JUQ(). R
$(0) =0

If ¢ is unknown, we will replace it by its nominal valag: ~ 1he results fore = 0, 0.5, and 1.0 are shown in Figs. 2—4,
respectively (the typical value foe is 0.01). The figures

show that the deviation of and ¢ from zero is very small:

Up =mg(1 + u10) — €oJ tan duzo max{¢} = 0.04° and max{y} = 0.0006. The control law is
Uy = Jusg. (19) quite robust.
12.7711 0 —0.3990 3.1623 0 —0.0023
0 12.7768 0 0 3.1623 0
—0.3990 0 13.5200 —0.9976 0 3.3166
Q= (17a)
3.1623 0 —0.9976 4.0385 0 —0.1232
0 3.1623 0 0 4.0404 0

—0.0023 0 3.3166 —0.1232 0 4.0765
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time response for epsilon=0.5 x10”
1.5 10
—_ —~ 5
g E N’,
*0.5 >0
0 -5
o 50 100 0 50 100
10x 10 t (sec.) t (sec.)
%5
o
20
©
-5
o ., 50 100 3
x 10 . x 10
4 t (sec.) 4
2 2
E e
0 o}
2 2
0 50 100 0 50 100
t (sec.) t (sec.)

Fig. 3. Response of the translated system doe= 0.5.

time response for epsilon=1.0 x 10
1.5 10
— 1 —~ 5
E E /\/,
*0.5 >0
0 -5
o 50 100 0 50 100
x 10 1 (sec. t (sec.
10 (sec.) (sec.)
% s
°
20
[
-5
o 50 100 4
x 10 . x 10
4 t (sec.) 4
2 2
= 4]
S >
0 o}
-2 -2
0 50 100 0 50 100
t (sec.) t (sec.)

Fig. 4. Response of the translated system doe= 1.

We will also simulate the original system (1)—(3) b= lU
J m
.1 )
-Y :E(_Ut sin ¢ + eoUpn cos ¢) using the control law given by (18) and (19). We do this
P 1 U U s because the transformation (7) depends iand we would
=2 =, (Ui cos ¢+ coUn sin ¢ —mg) like to know the effect of replacing by its nominal value.
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time response for epsilon=0

100 4
—_ - 2
E 50 £
> N o
0 -2
0 50 100 0 50 100
0.05 t (sec.) t (sec.}
3
g
E 0
[o]
c
1]
-0.05
0 50 100 .
10 . 10
7X t (sec.) 10x
6 5
= £
=2 >
5 Ol/~
4 -5
0 50 100 0 50 100
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Fig. 5. Response of PVTOL aircraft forp = 0.
time response for epsilon=1.23
150 5
E Eo
> 50 N
0 -5
0 50 100 0 50 100
0.1 t (sec.) t (sec.)
5
g
E k
20
©
0 . 50 100 ;
x 10 t (sec. x 10
7 (sec,) 10
6 5
5 5
5 V\ 0 V_
4 -5
0 50 100 0 50 100
t (sec.) t (sec.)

Fig. 6. Response of PVTOL aircraft forp = 1.

We use the following values of. and.J:

m =25 x 10* kg

J =2x10° kg — m?.

We use the initial condition
Y(0) =—100 m,
Z(0)=0m
$(0) =0°

349
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time response for epsilon=2.45

150 5
—~100 —_ /\
E E,
T 50 N
0 -5
0 50 100 0 50 100
0.1 t (sec.) t (sec.)
5
g
2 [\
20
«
o 50 100 ,
x 10 . x 10
8 t (sec.) 10
6 5
5 5
4 o\/k
2 -5
0 50 100 0 50 100
t (sec.) t (sec.)

Fig. 7. Response of PVTOL aircraft forg = 2.5.

Y(O) =0 An approximate input—output linearization procedure, de-
Z(O) -0 veloped for slightly nonminimum phase nonlinear systems was
4)(0) —0 used in [2] to design the hovering control. On the contrary,

the method we proposed does not require linearization.

We takeey, = 0.0245 (corresponding to the typical valuein 'E“lné]th%::pE’Jrs?ﬁ(:hnfnﬁ'r:g;?ﬁr:o:; ;'Sftﬁggtrmlo\;v?:] proposed
e = 0.01) and simulate fore, = 0.0, 1.0, and 2.5. The ’ y g 9 y '

results are shown in Figs. 5—7, respectively. They indicate that
—-Z >0, U; 20, andmax{—Z2} = 5 m andmax{¢} = 3°. REFERENCES
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